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1. EXECUTIVE SUMMARY.

1.1 Problem Statement.

The reliability growth of a complex system involves surfacing and analyzing failure
modes and implementing corrective actions, (termed fixes) during or following a developmental
test phase. At the end of a test phase, program management usually desires an assessment of the
system's reliability associated with the current configuration. Such an assessment can be derived
from failure data observed in the test phase, and assessments of the corrective actions to failure
modes surfaced during the test period. Such assessments of system reliability have been referred
to as projections. Current projection methods distinguish between failure modes that will be
addressed by a fix if observed (termed B-modes) and those that will not be fixed (A-modes). The
estimate of current system reliability depends upon this mode classification. In particular,
estimates of the rate of occurrence of B-modes based on B-mode first occurrence times and of
the presumed constant A-mode failure rate are required to assess system reliability. It would
seem desirable and more natural to base the projection of system reliability on estimates that do
not depend on such a classification scheme, but merely on failure mode test phase data and the
assessed effectiveness of the failure mode corrective actions. Such a projection would only
distinguish between failure modes on the basis of their assigned fix effectiveness factors (the
expected fraction reductions in the failure mode rates of occurrence due to corrective actions).
Modes currently not included in planned or realized corrective actions would be assigned a zero
fix effectiveness factor. For situations where fixes to surfaced failure modes will be delayed until
the conclusion of the test phase, such a projection method would be helpful in conducting a
reliability versus cost tradeoff analysis with regard to deciding which modes to fix. In this paper
a projection method is presented that can treat failure modes in such a unified manner for the
case where all corrective actions are delayed until the end of the test phase. Also, the estimation
procedure will be shown to be closely related to a Stein estimator that satisfies an expected
squared-error loss optimality criterion for estimating a vector composed of the unknown mode
initial failure rates.

1.2 Overview.

Assessment methods are presented for projecting the impact of corrective actions, or
fixes, on system reliability. The presented approach to reliability projection, referred to as
AMPM-Stein, addresses the case where all fixes are delayed to the end of the current test phase.
The assessment procedure allows for a unified treatment of failure modes. The procedure when
applied in this fashion only distinguishes for estimation purposes between modes for which a fix
would be attempted if surfaced (B-modes), and those that would not be addressed with a fix even
if surfaced (A-modes), through assigned positive and zero fix effectiveness factors for surfaced
B-modes and A-modes, respectively. A projection procedure that can treat failure modes in such
a unified manner is necessary in cases where it is not realistic to divide the potential failure
modes into an inherent set of A-modes and B-modes. In many instances A-modes are not
inherent. Modes could be reclassified from A to B due to repeat occurrences and the necessity of
meeting a reliability requirement, additional information, or changes in the level of resources
available for corrective action. A unified treatment also lends itself to performing trade-off
analyses between reliability improvement and the associated corrective action implementation



costs. The AMPM-Stein procedure can also be applied to the case addressed by widely used
projection methods for which there is an assumed inherent division between potential failure
modes with respect to A-mode/B-mode categorization.

1.3 Features of AMPM-Stein.

The model allows for a unified treatment of failure modes. This permits one to conduct a
trade-off analysis between reliability improvement and incremental cost since failure modes are
only distinguished through their FEFs. A second feature of AMPM-Stein is that all failure data
is utilized in estimating model parameters. Third, the new model only needs to assess FEFs
associated with the surfaced modes - there is no need to consider FEFs for unsurfaced modes.
In particular, AMPM-Stein does not have to assess an average FEF for all the modes that would
receive corrective action if surfaced. Finally, AMPM-Stein avoids inaccuracies in assessments
that can arise in projection methods which utilize A-mode and B-mode classification. Such
inaccuracies can occur if modes initially considered A-modes are switched to B-modes. Modes
can be reclassified for a variety of reasons. A few reasons include a numerous repetition of A-
mode failures, a more accurate diagnosis of a failure mode, and increased funding.

1.4 Results.

Current simulation results indicate greater accuracy with regard to the MTBF estimates
can be achieved by the AMPM-Stein approach even when an A-mode/B-mode split is valid. In
particular, these simulation results indicate that the AMPM-Stein MTBF projections obtained for
this case tend to be more accurate than those obtained from the reliability projection method
adopted as a standard by the International Electrotechnical Commission, namely the AMSAA-
Crow model. Also the simulations indicate that the AMPM-Stein MTBF assessments based on
the simple closed form parameter estimators obtained from the method of moments are almost as
accurate as the AMPM-Stein assessments that utilize the more computationally intensive
maximum likelihood estimators. The AMPM-Stein approach has several additional appealing
characteristics. In contrast to current projection methods, the approach precludes the need to
assess the arithmetic average of the fix effectiveness factor values that would be realized if all B-
modes were to be surfaced. It only requires assessment of FEFs for the surfaced modes that will
be mitigated. In addition, the AMPM-Stein approach naturally leads to an expression for the
portion of the mitigated system failure rate due to the unsurfaced modes (or unsurfaced B-modes
for two classifications). Thus no functional form for this failure rate need be assumed.
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2. INTRODUCTION.

2.1 Reliability Growth Terminology.

Initial prototypes of complex systems incorporating new, and often unproven,
technological advances will inevitably possess reliability defects. The same is true even for
prototypes that consist of the integration of existing systems. These known, and often unknown,
defects are identified and examined in developmental and operational testing of the system, and
are referred to as failure modes. Failure modes are the root causes of potential reliability
deficiencies in a system. Failure modes are typically unforeseen problems, and have associated
failure mechanisms. Corrective actions, or fixes, are measures which are taken to address these
problem failure modes. More specifically, corrective actions alter the design, maintenance,
operational procedures, or the manufacturing process of an item for the purpose of improving its
reliability. To model the reliability improvement resulting from a corrective action, we use Fix
Effectiveness Factors (FEFs). A fix effectiveness factor (FEF) is the expected fraction reduction
in initial mode failure rate due to corrective action. Corrective actions are typically reserved for
failure modes which exhibit one or more failures during testing, which are referred to as surfaced
modes, or observed modes. Unsurfaced modes, or unobserved modes, are failure modes which
did not trigger a failure during the test phase. Of particular interest, is the time of first failure for
a given mode, which is referred to as the First Occurrence Time (FOT). In addition, mode
failures beyond the FOT are referred to as repeats.

Clearly, this categorization of surfaced and unsurfaced modes is based on the perspective
of the mode failure pattern; that is, either the mode exhibits a failure or it does not. Failure
modes are also categorized from a reliability improvement point-of-view; that is, either a
corrective measure will be taken to address a reliability deficiency, or it will not. This leads to
two types of failure modes, namely B-modes and A-modes. B-mode failures are the set of all
failure modes for which a corrective action would be implemented if the mode is surfaced. The
remaining failure modes, the set of all unsurfaced and surfaced modes where corrective measures
are not pursued, are referred to as A-mode failures. There are a number of reasons why some
surfaced modes are classified as A-modes. A few of these reasons include, the fix may not be
economically justifiable, the surfaced mode may be related to Government Furnished Equipment
(GFE), or a Commercial-Off-The-Shelf (COTS) item (whose failure rate is known or accepted),
or the diagnosis of the underlying failure mechanism may be unclear.

2.2 Areas of Reliability Growth.

To uncover and mitigate potential reliability deficiencies, early prototypes and later more
mature units are subjected to a series of developmental and operational tests. The tests are
specifically designed to expose the system to the envelope of stresses and operating conditions
that are expected to be experienced during the weapon's life cycle. Encountered failures are
analyzed, corrective actions are implemented, and modifications to the system design, and
manufacturing process, are tested to verify the effectiveness of the corrective actions. The
resulting reliability maturation process is commonly referred to as a Reliability Growth Program
(RGP). Reliability Growth Management (RGM) of this program is the systematic planning for
reliability achievement as a function of time and other resources, as well as controlling ongoing
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rates of achievement by reallocation of resources based on comparisons between planned and
assessed reliability values (MIL-HDBK- 189, 1981). RGM procedures are utilized in guiding the
materiel acquisition process for new military systems. These include: reliability growth
planning, reliability growth tracking, and projecting reliability improvements for a system.
Reliability growth planning addresses program schedules, amount of testing, available resources,
and the realism of the test program in achieving its requirements. Reliability growth tracking is a
process which allows management the opportunity to gauge the progress of the reliability effort
of a system. This is done by evaluating a demonstrated numerical measure of the system
reliability during a RGP based on test data. Reliability growth projection is the process of
assessing the reliability of a system which can be anticipated due to implementation of corrective
actions to failure modes. Reliability projections are based on the test data to date, as well as
engineering assessments of the effectiveness of planned or implemented corrective actions.
Reliability growth projection is the focus of the presented analysis.

2.3 A Brief History of Reliability Growth Projection.

The genesis of reliability growth projection has its roots in a paper written by Corcoran,
et al. (1964). The paper presents a nonparametric Discrete Reliability Growth Model (DRGM)
for which the relevant data comprise sequences of dichotomous success-failure outcomes. The
model attempts to quantify the increase in system reliability attained after implementing
corrective actions, without the benefit of continued testing. Here, N items are tested, and S items
are observed to have performed successfully. The modes associated with the remaining N-S
failures are identified and subsequent corrective actions are performed. No follow-on tests are
performed. However, the nominal reliability estimate is adjusted to reflect the reliability
improvement obtained via the fixes. The update to the nominal reliability estimate is the
reliability projection following corrective actions.

Another milestone in the area of reliability growth projection includes the development of
Continuous Reliability Growth Models (CRGMs). CRGMs are models utilized in representing
the reliability growth of a system in the case where the test duration is measured on a continuous
scale (i.e. time or distance), as opposed to a discrete one (i.e. trials or rounds) as discussed above.
The first model appears in a paper written by Crow (1982). This model, the AMSAA-Crow
model, projects a system's failure intensity at the beginning of a follow-on test phase, based on
reliability data captured from the previous test. These data include, the B-mode FOTs, the
number of failures associated with each B-mode failure, and the total number of failures due to
failure modes that will not be addressed by corrective actions, namely the A modes. In addition,
the reliability projection, per the AMSAA-Crow model, uses engineering assessments of the
planned fixes to B-modes surfaced during the test. The estimation procedure assumes that all
fixes are deferred until the end of the current test phase, but are implemented prior to the follow-
on test. The model also assumes each failure causes a system failure and that the number of B-
modes that occur by a given test duration can be modeled by a Poisson process. The AMSAA-
Crow model is internationally recognized as being the standard reliability growth projection
model per the International Electrotechnical Commission (IEC 61164, 2004).

Another projection model, termed the AMSAA Maturity Projection Model (AMPM), was
introduced by Ellner, et al. (1995). Like the AMSAA-Crow model, the AMPM applies to the
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case where the test duration is measured in a continuous fashion, such as in hours or miles. In
contrast to the AMSAA-Crow projection model, the AMPM does not require that all the
corrective actions be implemented at the end of the test phase. Therefore, one may use the
model to calculate a reliability projection in the case where not all fixes are delayed, or in the
case where all fixes are delayed. The AMPM can also be utilized to calculate a projection for
milestones beyond the start of the next test phase. This is a flexible feature in that the model can
make projections beyond the range of the data, whereas the AMSAA-Crow model should only
be used to calculate projections up to, or at, the end of the test phase. Finally, there are five main
assumptions implicit in using the AMPM. The first assumption is that there are k failure modes,
where k is large. Second, each failure mode time to first occurrence is assumed to follow the
exponential distribution. The third assumption is that the occurrence of failures due to modes are
statistically independent. The fourth assumption is that each failure mode occurrence causes
system failure. Lastly, the initial B-mode failure rates are assumed to be a realization of a
random sample from a gamma distribution.

2.4 The International Electrotechnical Commission.

The IEC is a worldwide organization for standardization comprising all national
electrotechnical committees (i.e. IEC National Committees). The objective of the IEC is to
promote international co-operation on all questions concerning standardization in the electrical
and electronic fields. In addition to other activities, the IEC publishes international standards.
The preparation of these standards is entrusted to technical committees; any IEC National
Committee interested in the associated subject may participate. International, governmental and
non-governmental organizations liaising with the IEC also participate in this preparatory work.
The IEC collaborates closely with the International Organization for Standardization (ISO) in
accordance with conditions determined by agreement between the two organizations. The
formal agreements of the IEC on technical matters express, as nearly as possible, an international
consensus of opinion on relevant subjects, since each technical committee has representation
from all interested national committees. IEC documents have the form of recommendations for
international use and are published in the form of standards, technical specifications, technical
reports or guides.

2.5 Role of Mode Classification in Current Models.

As discussed, the reliability growth of a complex system involves surfacing and
analyzing failure modes, and implementing corrective actions, termed fixes, during or following
a developmental test phase. At the end of a test phase, program management usually desires an
assessment of the system's reliability associated with the current configuration. Such
assessments of system reliability have been referred to as projections. Current projection
methods distinguish between failure modes that will be addressed by a fix if observed (B-modes)
and those that will not be fixed (A-modes). The estimate of current system reliability depends
upon this failure mode classification. In particular, the reliability projection depends on
estimates of the rate of occurrence of B-modes based on B-mode first occurrence times, and of
the presumed constant A-mode failure rate required to assess system reliability. It is desirable
and more natural to base the projection of system reliability on estimates that do not depend on
such a classification scheme, but merely on failure mode test phase data, and the assessed
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effectiveness of the failure mode corrective actions. Such a projection would only distinguish
between failure modes on the basis of their assigned FEF. Here, A-modes would be assigned a
zero FEF. For situations where fixes to surfaced failure modes will be delayed until the
conclusion of the test phase, such a projection method would be helpful in conducting a
reliability versus cost tradeoff analysis with regard to deciding which modes to fix.

2.6 Study Overview.

In this paper we shall present a projection method that can treat failure modes in a unified
manner for the case where all corrective actions are delayed until the end of the test phase. A
unique characteristic of the projection methodology is that the estimation procedure is based on a
Stein shrinkage estimator. For a large number of potential modes, the estimation procedure is
shown to approximate a Stein estimator that satisfies an optimal expected squared-error loss
criterion for the vector of unknown initial mode failure rates. The Stein optimality criterion
leads to a particular functional form for the rate of occurrence of new failure modes. This
functional form is compared to the B-mode rate of occurrence functions currently utilized in
several projection models. The procedure does not require one to distinguish between failure
modes that will not be corrected if surfaced (A-Modes) and those that would receive a corrective
action if observed (B-Modes). Such a unified treatment of failure modes avoids the frequently
unrealistic assumption that there are two distinct types of potential failure modes a priori. Often
failure modes are switched from A-Modes to B-Modes during a development program due to the
necessity of meeting a requirement or due to additional funding or information that allows a
mode to be addressed. Several estimation procedures are presented for assessing the Stein
shrinkage factor utilized by the reliability projection method. The accuracy of the presented
projection procedures is compared against the IEC standard projection model, namely the
AMSAA Crow-Model. The test data and projections are simulated. The simulations results are
compiled over 1,000 replications.

2.7 The AMPM based on Stein Estimation.

The U.S. Army Materiel Systems Analysis Activity (AMSAA) has recently developed a
new reliability growth projection model. The new model is closely related to the current
AMPM. This new model was developed for making reliability projections based on Stein
estimation of initial mode failure rates in the case where the test duration is measured in a
continuous fashion, and where all corrective actions are deferred until the end of the test phase.
The motivation for developing the new model was to calculate a potentially more accurate
reliability projection, that was based on the FEFs and number of failures for the observed failure
modes. This is done by approximating an estimator that minimizes the expected squared error in
the initial mode failure rates. Estimates for unknown parameters in the Stein approach are
obtained by treating the initial mode failure rates as a realization of a random sample from a
gamma distribution as is done in the AMPM approach. Thus, the new model is referred to as
AMPM-Stein.

2.8 Features of AMPM-Stein.
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The model allows for a unified treatment of failure modes. This permits one to conduct a
trade-off analysis between reliability improvement and incremental cost since failure modes are
only distinguished through their FEFs. A second feature of AMPM-Stein is that all failure data
is utilized in estimating model parameters. Third, the new model only needs to assess FEFs
associated with the surfaced modes - there is no need to consider FEFs for unsurfaced modes.
In particular, AMPM-Stein does not have to assess an average FEF for all the modes that would
receive corrective action if surfaced. Finally, AMPM-Stein avoids inaccuracies in assessments
that can arise in projection methods which utilize A-mode and B-mode classification. Such
inaccuracies can occur if modes initially considered A-modes are switched to B-modes. Modes
can be reclassified for a variety of reasons. A few reasons include a numerous repetition of A-
mode failures, a more accurate diagnosis of a failure mode, and increased funding.

2.9 Mathematica.

The simulation for this study, as well as Section 4 of this report, are written in a
Mathematica notebook. Mathematica is a software tool that integrates a programming language,
numeric and computational engine, graphics system, and documentation system, as well as,
provides advanced connectivity to other applications such as Microsoft Excel. Throughout
Section 4, the documentation, graphing and programming are seamlessly integrated. Sections of
text in bold represent code that will be executed by Mathematica's computational engine. The
output (i.e. numbers, lists, tables, graphs, figures etc.), if any, from the executed code will appear
immediately below the code, or program instructions.
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3. COMPARISON OF AMPM-STEIN AND CURRENT MODELS.

3.1 Differences in Technical Approach.

The AMPM-Stein approach does not require one to distinguish between A-modes and B-
modes other than through the assignment of a zero, and positive FEF, respectively, to surfaced
modes. Also, only FEFs associated with the surfaced modes need be referenced. In particular,
unlike the methods in Crow (1982) and Ellner, et al. (1995), no estimate of the arithmetic
average of all the FEFs, that would be realized if all the B-modes were surfaced, is required.
Another significant difference between the Stein approach and the other methods is that the Stein
projection is a direct assessment of the realized system failure rate after failure mode mitigation.
The approaches (Crow, 1982), (Corcoran, et al., 1964), and (Ellner, et al., 1995) indirectly
attempt to assess the realized system reliability by estimating the expected value of the mitigated
system probability of failure or system failure rate, r(T), where r(T) is viewed as a random
variable. For example, in Crow (1982) and Ellner, et al. (1995) , the realized value of r(T) is

assessed as the estimate of a conditional (given Ai), or unconditional expected value of r(T),

respectively, where,
kr(T) = ?AA + (I0 - di. Ii (T))g, (1)

Corcoran, et al. (1964) proceeds in a similar fashion for one-shot systems. In Crow (1982) it is
shown that,

E[r(T)]=2A ,+ (1-di)Ai + di " Ai "e- T  (2)
iEB iEB

To estimate E[r(T)], the AMSAA-Crow method approximates di• 2 .e-T by Pd J i e -e-T

iEB iEB

where

Pd di (3)
B iEB

The value pd is estimated by

Pd= d, (4)
mB iEobs(B)

where d,. is an assessment of d,. The sum IZAi .e-,I is estimated (Crow, 1982) by noting that
iEB

the number of B-modes surfaced by t is

M (t) : Z1i(t) (5)
iEB

and the expected number of B-modes by t, is

/u(t) = E[M(t)]= -(1 - e-') (6)
iEB

Thus, the slope of p(t) is
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dpz(t) _ c ea,(7)

dt iEB

and represents the expected rate of occurrence of B-modes at t. By assuming pu(t) can be

approximated by
p,(t) =c .rT16 (8)

and that M(t) is a Poisson process with mean value function 2A .t'8', Crow (1982) develops an

estimation procedure for A, and /3, based on the B-mode first occurrence times and number of

surfaced B-modes. This yields an estimate of
dpu (t) - . t

dt (9)

which represents the rate of occurrence of new B-modes at time t for the AMSAA-Crow model.

The resulting estimate of h, (t), hý (t), is taken as an assessment of I Ai .e-•'r, and Ad .h(t) is
iEB

utilized as an assessment of E di . i .e -•'. The assessment for E[r(T)] (Crow, 1982), and
iEB

hence the indirect assessment of the realized value of r(T), is then obtained as

Nd[r(T)]= N_4+ I (1- d -- ) T d (10)

T iobs(B) )

The AMPM approach (Ellner et al., 1995) treats the initial B-mode failure rates A. as a

realized random sample of size kB from a gamma random variable, F[a,/f], with density

f~x W {F(a +1)fl+ :>0 (11)

00
where F is the gamma function, a > -1 and f8 > 0. The AMPM approach replaces T with

t _> T and the A, in equation (2) by independent and identically distributed random variables

Ai - F[a,fl]. The expected value of E[r(t)] with respect to A1,..., AkB is obtained as

p(t) = AA + (1 -/d )(2 B - h(t)) + h(t) (12)

where
h(t) = kB " 18 " (a + 1) (3

(1+f8. t)a+2 (3

and 2A = h(0). Maximum likelihood estimates for AB,'f and a, denoted by A~kB ,1 3
kB and 6kB

respectively, are obtained based on kB, the number of surfaced B-modes, and the observed B-

mode first occurrence times. The realization of the mitigated system failure rate, r(t), is

assessed as the resulting estimate, A'kB (t) , of p(t) . The limiting values of AsBkB 'flk', and "k,

are obtained and used to derive 3b (t)W lim MkB (t). This limiting estimate is taken as the
kB -)-c- o

assessment of the realized value of r(t) for complex systems (i.e. for large kB ). The use of B-
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mode first occurrence times to estimate I ,/3 and a allows the AMPM approach (Ellner, et al.,
1995) to be used to assess the realized value of r(t) for t > T. One need only assume that all
fixes are incorporated by t. In particular, it is not necessary to assume that all fixes are delayed
until t. Note, however, the AMPM and AMSAA-Crow methods both require an assessment of

Pud, the arithmetic average of the B-mode FEFs that would be realized if all B-modes were
surfaced. Also, both these methods utilize the number of observed B-modes and the B-mode
first occurrence times for parameter estimation to obtain an assessment of the realized mitigated
system failure rate. Thus these methods do not solely distinguish between A-modes and
surfaced B-modes for estimation purposes by assigning zero FEFs to the former and positive
FEFs to the latter.

Finally, we note a connection between the AMPM estimate for h(t) and the Stein
projection. It is shown that h(t) is the expected failure rate due to the B-modes not surfaced by t

(Ellner et al., 1995). As suggested by equation (13) the AMPM estimate based on kB potential
B-modes is

hk, = (14)/AB t = (1+/kR.t'+

It is shown in Ellner, et al. (1995) that

B(t) = lim k,,(t)- t (15),.-oo(1+ 8.,- t)

where 2 B.c and 6., are positive constants. For t = T this form will be shown in Section 3.4 to

be compatible for complex systems with the Stein projection expression for the portion of the
mitigated system failure rate attributable to the B-modes not surfaced by T. This is interesting to
note since the Stein projection approach does not treat the initial B-mode failure rates as a
realization of a random sample from some assumed parent population.

3.2 Stein Approach to Projection using One Classification.

Assume the system has k > 1 potential failure modes that have initial failure rates
.2 . It is assumed the modes independently generate failures and that the system fails

whenever a failure mode occurs. It is also assumed that corrective actions do not spawn new
failure modes and that all fixes are incorporated into the system at the end of a test period of
duration T hours, or miles.

Let Ni denote the number of failures encountered for mode i that occur during the test.

The standard Maximum Likelihood Estimate (MLE) of 2A is

N. (16).

T

Let avg(i L) denote the arithmetic average of the estimates A 2k. The Stein estimators for
2A,.., 2 k , denoted byA 1 ,...,2k, are defined by
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A. -= 8 --Zi + (1 - 0) -avg( A`.) (17)

where 0 e [0,1] is chosen to minimize the expected sum of mean squared errors,

E[ (•k -2)2A . We shall let Os denote the optimal value of 0 and refer to Os as the Stein

shrinkage factor. Vector estimators, such as (L,..., •k) of multidimensional parameters that
satisfy such an optimality criterion were considered by Stein (1981). To obtain 0s note the
following:

I k- N,. N
avg(A ) = -I -T -k- (18)

where
k

N = EN, (19)

E(N1 ) = A .T = Var(N1 ) (20)
From (20) we have

E[A`] = 2(21)
and

Var[.] = (22)
T

Finally, from the above, one can show,

[ k ,(23)

and

Var[ ] =_ (24)

Let
k
A =' EA. (25)`.=1

After some detailed calculation, using equations (14-20) we arrive at the following result
E : (X- _ 202(A) + (1_)2--2,+ 20(1- 0)( + (1 -8)2 F .T l

E[ G Z2)] T2( +j k~ -)T7 (26)

Thus, El (=1 -2,.)2 is a quadratic polynomial with respect to 9. The polynomial coefficient

of 02 is equal to

+E1- + k

T j =11

Z(_1)



+ k-Z( ;[)2 >0 (27)

for k > 1, where

(28)
k

The quadratic polynomial with respect to 0 in equation (26) has a unique minimum value that
can be found by solving the equation

E I(2 -2)2 Ax 0 (29)

Denoting the unique value of 0 that solves equation (29) by 00, we find
k1 1;-• ) 2

001 (30)

T k j=1

Thus, we have 09 e (0,1) which shows that 0s is equal to 00. Let

lZ(2,-2)2

Var[4]- = l (31)k

Note by equation (30),

O Var[A2] (32)
1- k + Var[2i]

By equation (24), we can see that

=- -Z Var[2] (33)
k j1 T k j 1

Let avg(Var[LZ]) denote the right side of equation (33). It is interesting to note by equation (32)
that

Os = Var[2.. 1] (34)

avg(Varr[.5 ]i) -kJ+ Var[AZL]

This shows that the Stein estimate of A, can be expressed as the following weighted

combination of ;i and avg K

av(arý 1ý. " k+
Var[Ai]+avg(Var[i]1 _Q Var[A,] + avg(Vart]ilkQ (35)

Therefore, the smaller the population variance of the mode failure rates is relative to the average
of the variances associated with the individual mode standard estimators, Var[Aji], the more ..% is

weighted (i.e. "shrunk") towards avg(i).
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After mitigation of the failure modes surfaced during the test period [0, T], the realized
system failure rate is

r(t)= Z(1-d,)2i + A, (36)
iEobs

iL obs

The Stein projection for r(T), denoted by Ps(T) is obtained by replacing d, by an assessed

value di and by estimating Ai by X, . Thus,
Ps (T) = JQ-- 1di*)X," + J2,• (37)

iEobs

Note for mode i e obs, by definition Ni = 0. Thus, by equation (17) where 0 = Os, we obtain

for i e obs ,

X=(Il- ) -(N~ (38)

Let m denote the number of surfaced modes during [0, T]. Then by equations (37) and (38),

p(T)= (-d,)2i±+ 1- (1-0s) (39)

ikobs ikT(9

The Stein projection cannot be directly calculated from the data for a set of d* since k is

typically unknown before and after the test and Os is a function of Var[lli], A, and k (or
k

equivalently, Y22• A, and k). However, approximations to the Stein projection can be
j=1

obtained that can be calculated from the test data and the assessed FEFs.

3.3 Stein Approach to Projection using Two Classifications.

One can also use the Stein projection approach with two failure mode classifications as is
done for the AMSAA-Crow and AMPM models. Strictly speaking, such an application of these
models demands that there are a priori ground rules for classifying observed modes into A or B-
modes which do not become reclassified. The Stein projection for the two failure mode
classification case is given by

Ps,2 (T)=2A+ I(-di*)2+ --. (40)
ikobs(B) irobs(B)

In equation (40) A, denotes the collective failure rate due to the A-modes and
A N2 A =-N (41)

T
where NA is the number of observed A-mode failures. Also, obs(B) denotes the index set of
the observed B-modes and obs(B) denotes its complement in B. For i E B, Xi,2 denotes the

Stein estimate of 2A for two classifications. In place of the expression for X. in equation (17),

"A,2 is defined as
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kEB
k2 OSB i (1 OSB) ke (42)

In equation (42), kB is the number of potential B-modes. The shrinkage factor Os,B in equation

(42) is the value of 0 E [0,1] that minimizes E[I(1i2 -Ai)2. This optimal value for 0 is

derived in a manner similar to Os. In place of equation (30),

Z(, i-A)2
OSB - (43)

)+I(A ' B)

where
X-B I k--.IAi (44)

Finally, we note that the Stein projection for two mode classifications, Ps,2 (T), can be expressed

in a manner analogous to equation (39):
Ps,2 (T) =

"kA+ (01-d;,")X.2 + I1-'-B (1 - OS,B)(A) (45)

In equation (45), MB denotes the number of surfaced B-modes and

N. B = N,= I Ni (46)
ieB i obs(B)

3.4 Failure Rate due to Unobserved Modes as k -> oo.

The term in equation (37) represents the portion of the projected failure rate
iEobs

ps(T) attributed to the failure modes not surfaced by T. Equation (38) indicates that

S. = (1- 0s)(1-- N) (47)
i, obs

Utilizing the expression (32) for Os we obtain

I-s (kTJi' 1)D (48)
Var[Ai ] +( A( _I

Thus,
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( 1 ) 1 _1)( m(N)

_Ck*T k~ kD~ T (49)
ibS VarLZ1] + rkTI

Using equation (31) we obtain,

- _ -)( (50)

I (1_ +~ 2Y1or equivalently,

Eli k k (51)
ic=obsZ V

+4i=1D4 A T

To consider the limiting behavior of the expression in equation (51) for large k, denote P: by

Aikfor i=1..k where
k

EAi'k = 
(52)

and A E (0, o) with k > 1. Let A 2 (A
2

1k A.~k,k ). Consider the maximization problem P:
-- k

m1xr-Z4.2 k subject to 2
jk >0 and (52). All maximizers 2° for problem P are of the formmax( -,Aik sb et o iký -

.±_Kt.i=1' ,) --k

2 =0 {2 l (53)[i=l

Thus the maximum value for problem P equals
-I (4k ) A (54)

k2 ,~2k

This shows that for any k > 1 with at least two non-zero 2 ,k one has 0 < A_ <A. This

implies that for complex systems or subsystems (i.e. for large k)

Elk (55)

where
=N (56)

T

and 0 <6s <2 with
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'8S 1"-(57)

Using two mode classifications, in a similar fashion one can show that for complex systems or
subsystems

B (58)
ikobs(B) i +,B T

where N <2B,where 3s, 1 and 2 B=

T AB-n an < 3 B 2 iEB iEB

The functional form in equation (58) for approximating Z-2, 2 is the same form
iEobs(B)

utilized by the AMPM model for large k to estimate the failure rate due to the unsurfaced B-
modes at the end of the test period. In contrast to the AMPM, the Stein projection approach
leads to this form for large k without assuming the initial B-mode failure rates are a realization
of a random sample from an assumed parent population. The AMSAA-Crow projection

estimates the failure rate at the end of test due to the unsurfaced B-modes by 2" " T- 1ý, where

A, and 83c are statistical estimates of 2A and /36. This functional form arises from the

AMSAA-Crow assumption that the number of B-modes that are surfaced by t is M(t) where

M(t) is a Poisson process with mean value function /1 .t16 for A, > 0 and 8, > 0.

3.5 AMPM-Stein Approximation using MLE.

As shown in the previous section, the Stein projection depends on the unknown constants
k

k, 2 = "2i, and Var[Ai]. We shall now consider an approximation to the Stein projection
i=1

obtained for a given k and for when k is unknown but large. To obtain the approximations we
assume ;,*..., 2 k is a realization of a random sample from a gamma distribution with density

function given in equation (11). We shall use the data N. to obtain MLEs for a and 83,

denoted by 6,, and fik. The method of marginal maximum likelihood will be employed (Martz

et al., 1982). We shall initially use the gamma parameterization used in Martz, et al. (1982) (i.e.1

a0 = a +1 and ,80 = -1, to express the MLE equations. After simplification of equations (7.171)

and (7.172) (Martz et al., 1982), we arrive at equations (59) and (60) below,
ý k r +

do k (59)

k _ oZ~ IIi

and
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k N j-'f ( I k
kalnE0J+ I' IJ-Zan[ T+/01=0 (60)j=l i=1 doa + I j=l

Let L - k-/•k (1+ ak) where "k and 8k denote the MLEs for a and fl, respectively, given the

system has k potential failure modes. Thus, ak= a0 -1 and /Jk 1!. This yields180
;k k )6. Equations (59) and (60) can be rewritten in terms of Ak and t'k. Upon

simplification we obtain,

T N(61)
T

and
NIh.Ti[l .T]- I 1 I ) (62)

(k .T jrobs i=1 1+ N.JtcT-k

The sum from i = I to Nj - 1 in equation (62) is defined to be zero if Nj = 1. Next we consider

the limiting values of ;k and f/k as k increases. Let .- limAk and fl -=lm flk. From

equation (61) and (62) it follows that
N=T (63)

and

^N /ln[1 +f, -T] = m (64)

One can show that equation (64) has a unique positive solution ft. if and only if N > m. This

condition is equivalent to saying Ni > 1 for at least one mode i. We shall assume this is the case.

Consider equation (62) and let xk - 13k . T. Then one can show 3 xk E (0,1i• .T) such that xk

satisfies (62) provided

N 2  (65)
Z (Nj -1)Nj

jEobs

From numerical experience, we conjecture that equation (65) is a necessary and sufficient

condition for a solution xk E (0, lm -T) of equation (62). However this has not been established.

One can utilize the finite k estimate /Ak to obtain an estimate of the shrinkage factor Os. The

limiting value ,6k, shall be used to estimate Os for complex systems or subsystems. To consider

this further, let F[a,fi] denote a gamma random variable with density f(x). Also let A1 ,...,Ak

be independent and identically distributed gamma random variables with density f(x), given in
k

equation (11). Define A - A,. Note E[F[a,fi]]=,-.(a + 1) and Var[F[a,J3]]=/32 .(a + 1).
i=1
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This implies E[A]=k.f8(a+1) and E[(k-1).s 2 (Ai)] = (k-1).fl2 .(a+1) where s2 (A1 ) =

-1 k Ik
•--,(A._S)and A=-A. Thus we shall approximate 2=A 2, by k./k(&k +1)=Akk -1ilk i=1

and k.Var[2il] •• (2 -2)2 by (k -1)(/3k) 2A(k +k. Byequation (32),
i( k

Os k . Var[.AI (66)

Thus we approximate Os by

k- • (67)

This suggests that for complex systems or subsystems, (i.e. large k) a suitable approximation for
Os is

SS, = lM sk - f (68)
k -limo - _____T

One can now obtain approximations to the Stein projection by utilizing ks~k and k.,•

These approximations will be referred to as the finite k and infinite k AMPM-Stein projections,
respectively. For finite k, motivated by equation (17) we define

",k-k S -,+(1 - Os5 k )avg(Ai) (69)

for i=l,...,k. The corresponding AMPM-Stein projection for the system failure rate after

mitigation of surfaced modes, denoted by PS,k (T), is given by

k (T)= I(1-di)21 k + JKk (70)
ieobs kobs

Equation (70) can be rewritten in a manner analogous to the form of equation (39) utilized for
the Stein projection:

&Sk (T) Z(1- d>2Xik +(1 )(1 N S )~ (71)
iEobs k KT)

We also obtain

k,. (T) ='k.A-P (T) = Z(-dd )0sc + (1-Os.'jJ) (72)
irwobsT

The corresponding MTBF projection is
ils -(k5s0.(T) )- (73)

One can also apply the AMPM-Stein projection to the case of two mode classifications based on
appropriate a priori mode classification rules. Denoting the two-mode AMPM-Stein system
failure rate projections by PS,2,k,(T) and bS,2,.(T) for the finite and infinite kB projection

respectively, we let
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S()=-NA-+ 1 (1 - d*1i~k, + _ Nik B )~ (4PS,2,kk T' ir~obs(B) BG-ýk, )T(4

and

pS,0,2(T) NA+ (1d:)2° + (- (75)
T i~obs(B) (

where for equations (74) and (75),
,kB -S.Bk B "• + (i-Os.,kB)avg(A.i) (76)

irB

and
A,. - Aim , (77)

kB (7o)

In equations (74) and (75), respectively,

^.B.,k .T (78)
SBk 1-fBk T

and

8- IB,'T (79)
"- l+PB,, .

In equation (78) fBkB k =Y_ is the MLE solution of the following modification of equation (62):T

(±NB NJ.-I + (80)Z 1
(jI.yn[1+•Y +_ y, -mB (80)

YkB )jobs(B) i=I 1+ NB kBJ

In equation (80), the sum from i = 1 to i = N1 -1 is defined to be zero if N1 = 1. In equation

(79), tB,0 is the limit of the ftB,k, and y. = fIB," 7T satisfies the following modification of

equation (64)

+yyL- ln[l+y = MB (81)

For equations (80) and (81) we assume NB > mB. This guarantees equation (81) has a unique

positive solution, y.. If in addition,

kB > (82),(Nj -1)Nj
jwobs(B)

(the counterpart of equation (65)) then equation (82) will have a solution YkB E (0, y.).

3.6 AMPM-Stein Approximation using MME.

Using Method of Moment Estimation (MME) a second estimation procedure was utilized
to estimate Os and obtain associated approximations to the Stein projection for the mitigated

system failure rate. The second procedure is a method of moments presented in Section 7.7.1 of
Martz, et al. (1982). Once again assume that I,...,' 2 k is a realization of a sample of size k from

19



F(a,,6). It is noted in Chapter 7 of Martz, et al. (1982) that the marginal distribution of Nj. is

given by the density g(nj,ao,/7o) where
,/3° .T"j .F(n + a o)

g(nj,ao,,6 o) =(3

F(ao). nj !-(T +)6o)"nJ+a'(

for n. =0,1,2,... where a0 =a+I, and 8,= 1- and ni! denotes the factorial of n1 . The

marginal mean and variance are

E[Nja 0,,i8 o (84)

and

Var[Nj,a0o,,o] = ao" T.(T+,8 0 ) (85)0(0
2

It follows that the marginal mean and variance of A, are

E[21 ,ao,flo] = (86)
)60

and

Var[jI,a0 ,/8o]0= a.,(T+160) (87)

Let 2 and M2 2j(the unweighted sample mean and second sample moment about

the origin respectively for A1 - In Martz, et al. (1982) it is shown that

E[AX,aof 0 1] = a (88),80
and

E[M2 ,a 0 ,80 ] T -T. (I+a/7 , 0  (89)

where Au and MU are random variables that take on the values of !- and rn, respectively.

This suggests implicitly defining the unweighted moment estimators for ao and 80, denoted by

iio and 80, respectively, through the following equations:

U2- - a (90)

and

2 io [T1 (I )+/3o] (91)
T.ko2 (91)
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Let &'k and 13
k be the corresponding method of moments estimators for a and /8 based on

assuming k potential failure modes. Thus, fk =ii -1 and ýk =1. Let
180

"Ak -'k .(1+ fk) (92)

From equations (90) and (91) it can be shown that
•o _ao _ _k-_2_ (93)

-ý u- k.m-A,)-H.Au

k
where H =- . From the first equality in equation (93) we have

T

A.=___ (94)
"a0 l+ak

Thus
A -(1 +--)= u -,j (95
/3k.(+k)k=2 =1

This yields kN N. _

k =k .k.(l+ak) = k-Nj =N (96)
j=1 T T

Also
k-(m' -2,)-H.(9

k.

from the second equality in equation (93). Note, k = I _ I Nj . Also,
j'=1 =1  T) jeobs

k.T2
k -Xu 4 2  E~Nij (98)

H-lu 1 2 (XNj (99)

and
N.

k.l = E '(100)
jeobs T

Thus by equation (97)
1 2 1 1

jeobs T

This yields,
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N
2

_-N
il:jEobs k

= T'N (102)

One can now obtain the method of moments limit estimators ,Z• and /3• as k increases. These

areA = :imAk and 8. = limflk. From equation (96),

- N
A. =-N (103)T

Also, from equation (102),

[E]obs 1 (104)

TN

The moment estimates ,6k and 8,,, of f8 provide the respective estimates Osk and 0s,9 of the

Stein shrinkage factor Os, where

0 S'k . (105)'1+/3k T

and

0-Ts,. - .T(106)

The moment estimators of Os in equations (105) and (106) provide corresponding

approximations to the Stein system failure rate projection. Let PS,k(T) and 3s, (T) denote

these approximations based on Osk and Os,,, respectively. In place of equation (71) for the

MLE based approximation of Ps (T) we define

Ps'k = -(1-d*)2Xk + 1-M )(1-Osk(6Ni~ (107)

where, for equation (107),

A.,k OS,k •i + (1- OSk )avg(2A) (108)
Let,

Mfs,k (T) =- (s,k (T))' (109)

denote the corresponding AMPM-Stein MTBF projection based on the finite k moment

estimators for Os. Next, let

,°s, (T) =ims5 k (T) (110)

Note, limavg(2,)=limlo-S =0. Also Os,-1im0Sk by equations (105) and (106),
k-m kBy equtio k-(0tiyl

respectively. Thus by equation (108)7) this yields
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= Y(1 - d )Oj J + (1- OS (111)ir~obs -(•.T
The corresponding MTBF projection is

.I Is,• (T) =(s (T) )-' (112)

AMPM-Stein projections based on moment estimators can also be developed for the case where
failure modes are partitioned into A-modes and B-modes by a priori classification rules. The
shrinkage factor, finite kB approximation to Os,B is given by

- IB,k, T
OSBkfiB - (113)

1+1-3B,k -T

The estimate &
3BkB in equation (112) is

- ~ j(ILsNB -NB

"8B,kB b TNB (114)

Thus,

-Iobs(B) -1 (115)
k--,o , B(T NB

The corresponding large kB estimate of Os,, based on the limit of the method of moments

estimator 13 BkB is

Os,.- = - 'T (116)1I+ flB, 'T

The AMPM-Stein system failure rate projections, based on Os,,k and Os. when utilizing two

mode classifications are denoted by PS,2,kB (T) and ,os,2,o (T), respectively. In place of equation

(107) for PS,k (T) we have

=S2 B(T) + _(1-d*)'KkB + 1- (1 - ,B (117)T i~obs k) .~~T

For equation (113),

Ak. =- Os,B,kABA + (1- OsB,2 B )avg(A.i) (118)

ieB

The MTBF projection is

MIS, 2 ,kB (T) = (Ps,2,k• (T))' (119)

Let IýS,2,o (T) -lim ,°s,2,kB (T). Then we can show that

S='2 - + (T 1-)O o +(-s, B,- )(NB (120)
T ieobs(B) T T

The associated MTBF projection is

Ms,2,- (T) = (,os,2 ,,* (T))- (121)
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3.7 Cost versus Reliability Tradeoff Analysis.

At the end of a test phase one might wish to conduct a cost versus reliability tradeoff
analysis to assist in selecting a set of surfaced failure modes to address with fixes. For any
selected set of surfaced modes, say Z c obs, one could study the underlying root causes of

failure to determine potential fixes. Based on such a study, a set of positive FEFs, d,. for i c Z

could be assessed for the proposed fixes. Actual implementation of these fixes would lower the
k

system failure rate from the initial value, say p(T;O) = J-Zi,, to a lower failure rate
i=1

p(T;Z)= (1-di)Aj±+ Z~i±+ ZI (122)
iEZ ie(obs-Z) -

with corresponding MTBF M(T;Z) = (p(T;Z))-'. Note that p(T;Z) changes from p(T; 0) as a

function of the selected mode set Z only through the FEFs being raised from zero to positive

values di for i ( Z. The assessments for p(T;Z) provided by the AMPM-Stein approach have

the same property. For example, this can be seen for the AMPM-Stein system failure rate

assessment for large k based on MLEs by recalling equation (72). Since d, = 0 for

i E (obs - Z) we have

ýs,.(T)=J(1-d*)Os,ýi + ZOs,i +(1-0s,)(N) (123)
iEZ iE(obs-Z)

where Ili = . Note by equations (68) and (64), ts,• only depends on N and the number of
T

surfaced modes, m. Thus by equation (123), bs,.(T) is an assessment of p(T;Z) that only

changes for a given set of test results as Z changes through the resulting change in the FEFs.
However, assessments of p(T;Z) based on the AMSAA-Crow (Crow, 1982) or AMPM (Ellner

et al., 1995) would not change solely due to the change in FEFs brought about by a change in Z.
In these methods the modes are partitioned into A-modes and B-modes. If one identifies the

modes in Z as the surfaced B-modes (since d7 > 0 for i E Z ) then these assessments would

depend on the number of modes in Z and the pattern of first occurrence times for these modes, in
addition to the assessed FEFs for i ( Z. The dependence of the assessment of p(T;Z) on the B-

mode first occurrence times indicates that the AMSAA-Crow and the version of the AMPM
based on B-mode first occurrence times are not appropriate for this selection problem.

Associated with each selection of Z, one could also assess the cost of implementing all

the fixes for the failure modes i c Z. Let c (Z) denote this assessed cost. A plot of the points

(,s.(T;Z),c(Z)) where MQs,(T;Z) (,s,(T;Z))-' for a number of potential selected sets Z

would be useful in identifying the least cost solution Z to meet a reliability goal. Alternately,

one could replace M's,•(T;Z) by the AMPM-Stein assessments of MTBF based on the method

of moments estimators.
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4. SIMULATION.

4.1 Simulation Overview.

One replication of the simulation is demonstrated in this section of the report. The simulation
results in this section do not support any conclusions, since they merely represent one execu-
tion of the model. The simulation results shown in Section 5 are obtained from 1,000 replica-
tions of the simulation, and provide the data supporting the presented conclusions. The pur-
pose for this section is to document, and demonstrate the inner workings of the simulation. In
Section 4.2, data typical to that which would be collected in a developmental test is generated.
This includes obtaining necessary inputs, generating failure rates, first occurrence times, fix
effectiveness factors and failure times. Also, data structures are defined for both methods of
classification of the failure modes. In Section 4.3, the projection models are defined. This
includes:

1. the AMPM-Stein model based on two classifications;
2. the AMPM-Stein model based on one classification;
3. the AMSAA-Crow model based on two classifications; and
4. the AMSAA-Crow model based on one classification.

The projections are then calculated in Section 4.4. This includes the projections of the
AMSAA-Crow model, and the AMPM-Stein model using both MME and MLE, for one and
two classifications of failure modes. In Section 4.5, repeat A-modes are reclassified to
B-modes. This process not only entails identifying and reclassifying the repeat A-modes, but
involves redefining the data structures for both mode classifications. Following the reclassifi-
cation process, the projections are recomputed in Section 4.6. This is done to examine the
impact reclassification of A-modes has on the various projections. Finally, the necessary data
is saved, and the results are displayed in 4.7.

4.2 Data Generation.

4.2.1 Simulation Inputs.

All of the inputs necessary to perform one execution of the simulation are defined below.
E)LA,K, and E.mBK are the expected A-mode, and B-mode failure rates, respectively. kA, and
kB are the number of generated A-mode, and B-mode failures, respectively. T is the length
of the test phase. aa, and 13a represent the shape, and scale parameters, respectively, for the
gamma distribution. The values in the first argument of aa, and 13a are the parameters used
to generate A-mode failure rates. Similarly, the B-mode failures rates are generated using the
values in the second argument. The variable dist determines the distribution for which the
failure rates are drawn; 1 for gamma, 2 for lognormal, and 3 for Weibull. The following
Mathematica code defines the inputs and prints the relevant values in Table 1 below.
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<< Statistics'

dist = 1; (*1-Gamma, 2-Lognormal, 3-Weibull .)

EXB,K = 10-1 / 1.5;

kA = 6;

kB = 10;

/3a = {10-4, 10-4);

EAB,K kA f3a EllEXAK =
kB /a E1l

E)LA, K E2 B,K }
S-kA Aa Ell k Aa E2 I

T = 1000;

n-= Log[-1 +
Ga

Mn-Log[ aa Aa

13+
•a

I3w =

Ga•-na[÷ 1 ] _Gamma[ 1+ 2
{x/. FindRoot [ - , {X,

Gamma [1 + ] aa f1]]

Gamma 1 + !-] _Gamma I + _L]2 1x Findxoot -- , {x, 1}]}
Gamma [1 + 1a] aal2

x

aa Aa
e, =

Gamma[l+ #w]
TableForm[

{ {kA, kB, T, Which[dist 1, "Gamma", dist 2, "Log Normal",

dist == 3, "Weibull"]}}, TableHeadings-•

{None, {"A-Modes", "B-Modes", "Test Length", "Distribution"}),

TableAlignments -+ Center]

A-Modes B-Modes Test Length Distribution
6 10 1000 Gamma

Table 1. Simulation Inputs.
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Table 1 shows that the length of the simulated test is 1,000 hours. The table also indicates
that 6 A-mode, and 10 B-mode failure rates were generated. Only a small number of failure
modes are generated in this demonstration. This is done for illustrative purposes, and mini-
mizes the volume of data printed in following sections. The data (i.e. MTBF projections,
mean squared error, and variance, etc.) that is examined to support the conclusions in this
study are obtained by generating 100 A-modes, and 500 B-modes, 1,000 times. These results
are shown in Section 5. Finally, Table 1 also indicates that the failure rates are randomly
drawn from a gamma distribution. The parameters and PDF for this distribution are displayed
in the following section.

4.2.2 Distribution Parameters and PDFs.

Associated with the methodology for which AMPM-Stein is based, is the assumption that the
failure rates are a realization from a random sample of numbers drawn from a gamma distribu-
tion. To examine the sensitivity of this assumption, the option for generating the failure rates
from a lognormal or Weibull distribution is incorporated. Although the present run is generat-
ing failure rates from a gamma distribution, the corresponding PDF plots and parameters are
provided for the lognormal, and Weibull distributions. When making comparisons of the
projection results obtained from the use of three different distributions, one must use parame-
ters which result in identical means and variances for each distribution. Otherwise, the results
would not be comparable. To demonstrate that the results are comparable, distribution parame-
ters and PDFs are displayed below. The following Mathematica code generates the plots
shown in Figures 1 through 3.

xl = Mean [GammaDistribution[CaE[ll, 3aE[l•l ;

Plot [PDF [GammaDistribution[•a Ell, /3a11J] , x1,

{x, 0, .01), PlotRange - {0, 600), Frame -+ True,

FrameLabel -+ {"Failure Rate", "f (x) "},

Epilog- {Text["x", {xl, 550)], Line[{{xl, 0), {xl, 525})],

Text[TableForm[Map[NumberForm[#, {5, 4),

NumberPadding-* {"", "0")] &, {{N[aafl]J, N[aa[21]J},

{N[13a11]], N[Ia•2])]J, {2)], TableHeadings-.

{{ H"a", ""13), ("A-Modes", "B-Modes"})), TableAlignments-.

Right, TableSpacing-* {0, 1)], {.003, 500)])];
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x2 = Mean[LogNormalDistribution[Mnill [1 a, Ell] ]] ;

Plot [PDF [LogNormalDistribution[,VnEll, cn~ll]], x],

{x, 0, .01), PlotRange-+ {0, 600), Frame -. True,

FrameLabel -ý {"Failure Rate", "g (x) ",

Epilog - {Text["x", {x2, 550}], Line[{{x2, 0}, {xl, 525)1],

Text [TableForm [Map [NumberForm[#, {5, 3),

NumberPadding- {"", "0"}] &, {{N[MnGl:], N[nflI]}),

{N[MnE21], N[nE21]1])}, {2)], TableHeadings-+

{{"j", "a"}, ("A-Modes", "B-Modes")), TableAlignments-I

Right, TableSpacing - {0, 1)], {.003, 500])] ;

x3 = Mean [WeibullDistribution[ILwEll, ewfEl]] J;
Plot[PDF[WeibullDistribution[IwOl, ew[l]J, x],

{x, 0, .01}, PlotRange - {0, 600), Frame-+ True,

FrameLabel -ý {"Failure Rate", "h (x) "},

Epilog-. {Text["x", {x3, 550)], Line[{{x3, 0), {x3, 525))],

Text [TableForm[Map[NumberForm[#, {5, 3),

NumberPadding -{"", "0")] &, {{N[(w3.El, N[e.wl]j}),

{N[/3.w21], N[ew21]})), {2)], TableHeadings->

{ {"13", "e"}, {"A-Modes", "B-Modes"})), TableAlignments

Right, TableSpacing - {0, 1)], (.003, 500)])];

600-

A-Modes B-Modes X
500 a 66.6670 66.6670

/3 0.0001 0.0001

400

S300

4-4

200

100 1

0 0.002 0.004 0.006 0.008 0.01
Failure Rate

Figure 1. Gamma PDF and Parameters.
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Figure 1 shows a plot of the gamma Probability Density Function (PDF) whose parameters
are printed in the top left comer. The A and B-modes failure rates were generated via these
parameters. This includes the gamma shape and scale (a and,8) parameter values of 66.6670
and 0.0001, respectively. The mean and variance for this distribution are approximately
0.0067 and 6.7 x 10-7, respectively.

600

A-Modes B-Modes x
500 1- -5.018 0.122

y -5.018 0.122

400

~-300

200

100

0 0.002 0.004 0.006 0.008 0.01
Failure Rate

Figure 2. Lognormal PDF and Parameters.

Similarly, Figure 2 shows the parameters and plot of the lognormal PDF. The values that are
displayed are the mean and variance parameters to the corresponding normal distribution.
These values result in a mean and variance identical to that discussed above for the gamma
distribution. For example, since these values are based on a normal distribution,
C-5-O8 0.0067, which is the mean shown above.

600

A-Modes B-Modes
500 /3 9.547 0.007

9 9.547 0.007

400

.300

200

100

0 0.002 0.004 0.006 0.008 0.01
Failure Rate

Figure 3. Weibull PDF and Parameters.

The parameters for the Weibull distribution are found in the same fashion. Figure 3 shows
the parameter values and plot of the PDF. Likewise, the mean and variance are identical to
the previous. It is also noted that the shape and scale of the PDFs, while not identical, are as
closely related as possible. Having identical means and variances, shows that projection
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results obtained from generating failure rates from either of the above distributions are compa-
rable. In the next section, the failure rates for this demonstration are generated from the
gamma distribution shown in Figure 1.

4.2.3 Failure Rates.

The Mathematica code below randomly draws A-mode and B-mode failure rates based on
one of the three distributions previously discussed. The list of kA A-mode failure rates is
denoted by ,(A. Similarly, ,B is a list of kB B-mode failure rates. These rates for both the A,
and B-mode failures are printed in Table 2 below. The blank space in Table 2 results from
generating fewer A-mode failure rates in comparison to the number of B-modes.

LA = Which [

dist == 1,

Table [Random[GammaDistribution [aa [ll, 3affl•] ]I, {i, k}] ,

dist == 2, Table [Random[LogNormalDistribution[pnEll, an:l]],

{i, kA}],

dist :- 3, Table [Random[WeibullDistribution[/3,wEll , ewf[lJ]],
{i, kA}]];

AB = Which[
dist :- 1,

Table [Random[GanmaDistribution[ aa 21, /3aff2]] ], {i, kB}],

dist =: 2, Table[Random[LogNormalDistribution[piffn21, anE21]],

{i, kB} ] I

dist == 3, Table [Random [WeibullDistribution [/3wf21, ewE21 J]
{i, kB}])];
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If[kA > kB, Table[AppendTo[)AB, ""], {i kA-k)B],

Table[AppendTo[)LA, ""], {i, kB-kA}]] ;

TableForm [Map [NumberForm [#, {7, 6}, NumberPadding- { "", "0"1},

ExponentFunction-+ (Null &)] &, Transpose[{ {A, L}), {2)],

TableHeadings { (Automatic, {"A-Mode", "B-Mode"} ]

A-Mode B-Mode

1 0.008288 0.007838

2 0.006374 0.006398

3 0.007915 0.006058

4 0.006143 0.006842

5 0.006921 0.005768
6 0.007982 0.006620

7 0.007217
8 0.006210

9 0.007258
10 0.006082

Table 2. A and B Mode Failure Rates.

There are 6 A-modes and 10 B-modes shown in Table 2. These numbers were generated
from a gamma distributions with mean of approximately, 0.0067. The shape of this distribu-
tion is displayed in Figure 1 of the preceding section

4.2.4 Generating Uniform Random Numbers.

kA and kB uniform random numbers are drawn below. These random numbers will be uti-
lized in the next section to calculate the first occurrence time (FOT) for each mode. The
following Mathematica instructions draw the numbers randomly from a uniform distribution
over the interval [0,1] and print the data in Table 3. The black space in the table is due to
generating a fewer number of A-modes than B-modes.
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UA = Table[Random[], {i, kA}];

UB = Table[Random[I, {i, kB}];

If[kA > kB, Table[AppendTo[UB, ""], {i, kA-k }],

Table[AppendTo[UA, "J], {i, kB-kA}]] ;

TableForm[Map[NumberForm[#, {5, 4}, NumberPadding- {"", "0"},

ExponentFunction-. (Null &)] &, Transpose[{UA, UB}], {2)],

TableHeadings - {Automatic, {"A-Mode", "B-Mode" I]

A-Mode B-Mode
1 0.2531 0.1236

2 0.1803 0.2584

3 0.9385 0.1313
4 0.7706 0.4658

5 0.1023 0.7674

6 0.7458 0.6014

7 0.7375

8 0.5076

9 0.0125
10 0.5792

Table 3. Uniform Random Numbers.

4.2.5 First Occurrence Times.

The uniform numbers, and the A-mode and B-mode failure rates from the preceding sections
are utilized to compute the FOTs. In this execution of the simulation the length of the test
phase is T = 1,000 hours. Any FOT greater than 1,000 referred to as an unsurfaced mode.
The following Mathematica code calculates the FOTs and prints the data Table 4 below.
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If[kA > kB, AB = ReplaceAll[[AB, "" -1]; UB = ReplaceAll[UB, ""

)A = ReplaceAll [AA, ""-11 1]; UA = ReplaceAll[UA, ""-*1)];

-Log [UA] -Log [UB]
tA = ; tB = ;

if[kA > kB, tB = ReplaceAll[tB, 0-4""],

tA = ReplaceAll [tA, 0 - "i]] ;

TableForm[Map [NumberForm[#, {50, 0), NumberPoint - "",

DigitBlock - 3, NumberPadding* {1" ", "0 "}),

ExponentFunction-+ (Null &)] &, Transpose[{tA, tB], {22],

TableAlignments -* Right,

TableHeadings { (Automatic, {"A-Mode", "B-Mode") }}

A-Mode B-Mode

1 166 267
2 269 212

3 8 335
4 42 112

5 329 46
6 37 77
7 42
8 109
9 604

10 90

Table 4. First Occurrence Times.

Table 4 displays the A, and B-mode first occurrence times. Note that all modes were surfaced
by T.

4.2.6 Fix Effectiveness Factors.

Fix Effectiveness Factors (FEFs) represent the fraction reduction of initial mode failure rate
due to corrective action. The beta distribution is utilized in randomly generating the FEFs.
Using the beta distribution we generate kB FEFs, denoted by dB, for the B-mode failures.
Since the A-mode failures remain unfixed, the FEFs for the A modes, dA, are set equal to 0.
The following Mathematica code generates the FEFs and prints the data in Table 5 below.
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c =0.8;

v= 0.1;

1-c - C V 2q=V

r= (1-cC) q;

dA =Table[0, {i, kA}];

dB =Table[Random[BetaDistribution[q, r]], {i, kB}];

If[kA > kB, Table[AppendTo[dB, ""], {i, kA-k)B],

Table[AppendTo[dA, ""], {i, kB-kA)]] ;

TableForm [Map [NumberForm [ #, {5, 4}, NumberPadding-* {"", "0" },

ExponentFunction-* (Null &)] &, Transpose[{dA, dB}], {2}],

TableHeadings - {Automatic, {"A-Mode", "B-Mode"))]

A-Mode B-Mode
1 0.0000 0.8571

2 0.0000 0.8177

3 0.0000 0.5545
4 0.0000 0.8034

5 0.0000 0.8060
6 0.0000 0.8287

7 0.8432

8 0.5157

9 0.7203
10 0.9312

Table 5. Fix Effectiveness Factors.

4.2.7 Failure Times.

Using FOTs calculated in section 4.2.5, a sequence of failure times up to time T for each
failure mode are generated. The following Mathematica code defines the function 'timeline.'
This function uses the FOTs and failure rates to calculate the failure times. The function is
called twice, once for the A modes, and once for the B modes. The failure times are then
printed in Table 6 below. "Null" may appear in place of a sequence of failure times for some
modes. This occurs for the unsurfaced modes, or modes whose FOT is greater than T.
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If[kA>kB, tB=DeleteCases[tB, ""];, tA=DeleteCases[tA, ""]];

timeline[tlist_, Alist_ {
tl = Table [

If [tlistfil :5-T, {tlist~ij}, Null] , {i, Length[tlist]}]

For[i = 1, i :_ Lengtb[tl] , While [Max [tl~il] : T,

NewT = Max[tlffil] - Log[Random[]]

AlistfiJ

If[NewT• T, AppendTo[tl[i], NewT], Break[]];]; i++]; tl};

TA = Flatten[timeline[tA, )AI] 1] ;
TB = Flatten [timeline [tB, AB] , 1];

If[kA > kB, Table[AppendTo[TB, ""], {i, kA- kB)],

Table[AppendTo[TA, ""], {i, kB - kA)] ] ;

TableForm(Map[NumberForm[#, {6, 0), DigitBlock-+ 3,

NumberPoint-> ""] &, Transpose[{TA, TB)], {3)],

TableHeadings -. {Automatic, {"A-Mode", "B-Mode")),

TableAlignments -- Right]

A-Mode B-Mode
166 267
218 356
289 361
362 378

1 415 496
437 500
501 596
762 765
941 846

269
391 212
411 299
533

8
42
162
429
456 335

3 490 754
556 933
688
801
815
925

42
87
264 112
286 142
430 281
443 312
490 418
535 948
808
867
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329
348
394
451 46
544

5 646 718
718 942739

779
794
991

37
54
146

174
234

323
536 607
567
600 96
630
651
715

42
108
256
320
497
582

109
209

8 331
632
892

604
9 716

803

90
10 235

946

948

Table 6. Failure Times.

Since all of the failure modes in this run were surfaced by T, there is a sequence of failure
times for each mode. Table 6 displays the failure times in ascending order. By inspection,
one notices that all the failure times occur in the interval [0,T]. Also, the number of failure
times varies per mode. This reflects the randonmess of the routine used to generate the failure
times.
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4.2.8 Data Structures - Two Classifications.

In the "Two Classification" case, A-mode failures and B-mode failures are classified sepa-
rately, and are not utilized in a unified fashion when making reliability projections. In this
case, a number of data structures are defined. tb is a list of B-mode FOTs. m is the number
of surfaced B-modes. NA,i, and NBi are the number of A-mode, and B-mode failures for
mode i, respectively. NA, and NB are the total number of A-mode, and B-mode failures,
respectively. SBM is an index set of all surfaced B-mode FOTs. d* is a list of all FEFs for
the surfaced B-modes. Pd- is the average FEF for the surfaced B-modes. The following
Mathematica code defines these variables. Due to the volume of information associated with
these data structures, they are not printed.

If [kA > kB,

dB = DeleteCases[dB, ""];

AB = DeleteCases [AB, 1]; TB = DeleteCases[TB, ""];,

dA =DeleteCases[dA, ""]; LA- DeleteCases [A, 1];

TA = DeleteCases [TA, "'I];
tb = Select[tB, # T&] ;

m = Length[tb];

NA,i = Map[Length[#] &, TA];

NB,i = Map[Length[#] &, TB];

NA = Total [NA, ];

NB = Total [NB,] ;

SBM = Position[tB, _? (# • T &) J;
d* = Extract [dB, SBM] ;

4.2.9 Data Structures - One Classification.

"One Classification" of failure modes refers to a unified treatment, where failure modes are
not classified depending on implementation of corrective action. In this case, A-mode and
B-mode failures are contained in one list. A-modes are only distinguished from B-modes via
a zero FEF. XAB is a list which contains all of the A-mode and B-mode failure rates. TAB is
a list containing all A-mode and B-mode failure times. NAB,i is the number of failures for
A-mode or B-mode i. NAB is the total number of A-mode and B-modes failures. SABM is
an index set of all surfaced A-mode and B-mode FOTs. dAB is a list which contains all
A-mode and B-mode FEFs. The A-mode FEFs are zero since the modes are unfixed. dAB is
a list of all FEFs for the surfaced A-mode and B-mode failures. kAB is the total number of
A-mode and B-mode failures that were generated in the simulation. m2 is the total number of
surfaced A, and B-mode failures by time T. The following Mathematica code defines these
data structures. The associated data is not printed due to the volume of output.
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)AB = Join[AA, I]);

TAB= Join [TA, TB];

NAB,i = Map[Length[#] &, TAB];

NAB = Total [NAB,i];

tAB = Join[tA, tB ;
SABM = Position[tAB, ? (# : T &)];

dAB =Join[dA, dB];

dAB = Extract[dAB, SABM];

kAB= kA + kB;

m2 = Length[Select[tAB, # < T &]];

4.3 Projection Models.

4.3.1 AMPM-Stein using Two Classifications.

The following Mathematica code defines the AMPM based on Stein estimation in the two
classification case, where failure modes are classified according to whether they will be
addressed by corrective action, or remain unfixed. The function 'Stein2C' is defined for
repeated use. The function requires two inputs, namely the estimates for the shape parameter,
f8, of the gamma distribution, for which the failure rates are drawn. This estimate of /3 is
obtained in the case where the number of modes is a known, or assumed (i.e. finite k), and in
the case where there is a large, and unknown, number of modes (i.e. k-00). Although there
are a numerous equations listed below, there are essentially four model equations, but they are
calculated in a number of different types of cases. The four model equations include the Stein
shrinkage factor, a, the mode failure rate, A, the rate of occurrence of new B-modes, h, and
the failure rate, p. The different cases these values are calculated in are as follows:

1. actual value in the finite case,
2. actual value in the infinite case,
3. estimate in the finite case, and
4. estimate in the infinite case.

Since all required data is simulated, actual values are calculated and compared to the corre-
sponding estimates. The subscripts on the variables indicate which case the variable is com-
puted for, subscripts including "a", and "h" indicate "actual value," and "estimated value,"
respectively. Subscripts including "K," and "oo" indicate that the variable is based on the
assumption of a finite number of modes, and infinite modes, respectively.

Stein2C[f3ci_, /3k_] := {
T 3k

aS,K,h =
1 + T /3k

NB, i

T
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)'s,K,h = as,K,h )Lh + (1 - as,K,h) N

It3 T
Variance[ )LB (It3 - 1)

asK=Variance -B] (It3 - 1) + Toa kB](i-1

/3a [2]1 T

= 1+ I3aff2jJ T

=SI as,K -B + (1-as, K NBI

T B ItTJ

= +/3co T

NB, i

)LS,cc,h = e.-;

)sm= as,co - ;
T

hs,K = Z.Delete [-s,K, SBM]ffjfI;
j =1

kB -M

hs ,h 7 Delete[AS,K,h, SBM] f i I;
j =1

hs,ch NB-0

kB-rn

ha, Z.DeletePLB I SBM] Ej]h
j =1

psK + NA Z(1 -d- Ej]I) Extract [As,K, SBMJEj I + hs,I(;

T j =1

PSK NIh m + 1-dj~j1) Extract [As,K,h, SBMJ ifil + hs,K,h;
T j =1

PS,co,h =-. + >. (1 - d-ffj)) Extract [)Ls,.,,h, SBM] jEji + s.h
T j =1
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k,

Pa = Total [AA] + ', (1 - dB[jJ) ABUj] +
j--1

Total [Delete[dB, SBM] Delete[)LB, SBM]];

stein2c = {1 /Pa, 1 /Ps,K, 1 /Ps,K,h, 1 / (PS,c,h)};};

4.3.2 AMPM-Stein using One Classification.

The Mathematica code below defines the AMPM based on Stein estimation in the case where
all modes are treated in a unified fashion. The model equations are identical to those already
seen from the previous section. The use of the associated data structures for the one classifica-
tion case is the only difference. The function 'SteinIC' is defined for repeated use. The
description of variables in the preceding section applies for the variables below.

SteinlC[/3oo_, /3k_] := {
Off[General: :spelll];

aS,K= (Variance[AAB] (kAB-))/

I ~~Total [AAB] ( 1 ~
Variance [AAB] (kAB - 1) + T1 - -T kAB

La[21 T

1 + ILa[21 T

)LK CsKNAB,i I (s ) NAB)
:sK T + (- TS,I) k•T ;

i3co T
1 + 13oo T

NAB, i
As,.,h = 90 -

T
NAB, i

.Xssc = -
T

k,,-m2

hs,K= z Delete[[As,K, SABM] Jj;
j=1

T /3k
cxS,K,h =

1 + T /3k
ITkNAB, i

T

AS,K,h = aS,K,h Ah + (1 - as,K,h) NAB T1;

( kAB TJ
kB-m2

hs,K,h = Z Delete[).s,K,h, SABM] j I;
j=1
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kAB -mN

ha = Delete [AA, SABM] [j]J;Ps,. = Z(1 - das,. j) Exrc[,,SAM [J+hsK

j=l.PS,Kh = > (1-dABEj]) Extract-AcK, SABM]e.j) +hS,K";

j =1
m2PS,Kzh = , (1 dAB[j]) Extract [7SKh, SABMJ [j]S + hsKh;

j=l

m2Ps,i = Z (1 -dAB fj]) Extract[s,K h, SABM] 3j] + hs,,;

j=1

m2

kABPa j= ' (1- d•[j]j) )fjJ +

j=1

Total = De1ete[d, SABM] Delete[ A, SABM] j] ;
steinlc = {1f P1 - /PS,K, 1/P S,K,h, 1/ (PS,inf,h) +} }

4.3.3 AMSAA-Crow using Two Classifications.

For comparison purposes, reliability projections using the AMSAA-Crow model are exam-
ined. The following Mathematica code defines the function 'AMSAACrow2C', which calcu-
lates the model equations of the AMSAA-Crow model in the two classification case. , and

rcpare the biased, and unbiased MLE, respectively, of the shape parameter of the model.

Similarly, Xc, and ;L,,, are the biased, and unbiased MLE, respectively, of the scale parameter
of the model. h, is the biased estimate of the rate of occurrence of new B-modes at the end of
the test phase. hc,, is the unbiased estimate. The biased and unbiased estimate of the system
level failure intensity are denoted by Pc and Pc,,u, respectively. The corresponding MTBFs
are M, and M,,..
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AMSAACrow2C[J:: {

*d*Ei
m

13c =

rn-i
3 u= -- ;

m
rn L= og;

Ac,u = - ;

hc= Ac 13c T/•- 1 ;

hc"u = )-c,u 13c,u Tc'u-1l;

NA M1___N~m•_ ( NB~iI[j]]i
PC=- + Z 1-dEj d* ha ;

PC NA+~ (1 -d*fj~l) NB E I +Idhcu

Pc
1

Pc,

PC, U

unbiased = (/ 3 c,u, Ac,u, hc,u, Pc,u, Mc,u};};

4.3.4 AMSAA-Crow using One Classification.

The following Mathematica code defines the function 'AMSAACrow 1 C', which contains the
model equations utilized in the one classification case. The model equations are identical to
that used in the two classification case. However, the data structures below compensate for
treating A and B-modes in a unified fashion. The discussion of the variables in the preceding
section explain the estimates below.
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AMSAACrowC[] :{

Md* = 
dABfEi

m2
tab= Select[tAB, # T&]

m2

1C m2•c =

j Log [ Ttabgjl

m2 - 1

m2
m2

Ac = - ;

m2
Ac,u = -

Tý1c,,

h, = Ac /c T&-';

hc,u = Ac,u /c,u T 3-'u-1;

m2 (N~ij]

Pc = (1 - dAB [j ]]) i T + id' hc;
j=T

Pc,u = (1- dABfj]) (- + Md* hc,u;

j=1
1

Mc= -- ;

Pc
1

PC, U

unbiasedic = {/c,u, Ac,u, hc,u, Pc,u, Mc,u};};

4.4 Reliability Projections.

4.4.1 MME using Two Classifications.

The method of moments (MME) estimates are obtained below for two cases. In the first case
a finite number of modes is assumed. The second case calculates the MME where the num-
ber of modes approaches infinity. This case is useful in situations where there are a large, but
unknown, number of failure modes. The MMEs are used in the function call for the AMPM-
Stein based on two classifications. Projections from the AMSAA-Crow model are also
obtained. Finally, the associated sum of squared error for the models is calculated. These
results are stored and compared against the other projections at the end of the simulation run.
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k, NB,iHjI

uIi kE
j=1

(B NB, 1 ll 2

j=1

aM= ; (* EQUATION 7.159, MARTZ & WALLER. *)
IE(M. _.A ~2 k. kE

B TB

/3M A-,; (* EQUATION 7.160, MARTZ & WALLER. *)
CIM

1 23( I Extract[NB,, , SBM] [j I
T.~ Extract [NB, j, SBM] Eij

Stein2C /3m., 13M];

stein2cmme = stein2c;

AMSAACrow2C[];

crow2c = unbiased;
kB

AMPMSteinApproxk= Z (XBIj] -- XS,K~hij]) 2 ;

j=1
kB

AMPMSteinApproxco = Z. (AB j I -_ s,,h j 1) 2;
j=l

kB

AMPMSteinActual = Z (A _ -XSK Ej]I);
j=1

MMEerror = {AMSAACrowError,

AMPMSteinApproxk, AMPMSteinApproxco, AMPMSteinActual);

4.4.2 MME using One Classification.

The MMEs are also calculated in the one classification case. The data structures used below
contain all mode information, unlike those of the preceding section. The following Mathemat-
ica code calculates the MMEs, executes the AMPM-Stein and AMSAA-Crow models and
estimates the associated sum of squared error.
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kAB NABiI[jl

T
kAB

j=1

j=1

kAB Au2
am =

kAB (M. _ An2) k- A
TU

(* EQUATION 7.159, MARTZ & WALLER. *)

3M = -A; (* EQUATION 7.160, MARTZ & WALLER. *)
am

13.Z =~1 Extract [NAB,j, SABMJ][j]J

T ZVI Extract[NAB,i, SABM] [j I

SteinlC[13M., f•M] ;

steinlcnune = steinic;

AMSAACrowlC[];

crowic = unbiasedic;
kAB

AMPMSteinApproxk = Z (AAB - j - AS,K,h •jl) 2 ;
j=1

kAB

AMPMSteinApproxco = Z (OAB •i• - AS,-A,hIj ) 2;

j=1

kAB
AMPMSteinActual= ,(A sr

j=1

AMSAACrowError = Y AAB N T 2ij)

j=1

MMEerrorlC = {AMSAACrowError,

AMPMSteinApproxk, AMPMSteinApproxc, AMPMSteinActual};

4.4.3 MILE using Two Classifications.

The following Mathematica routine calculates the MLEs for a finite, and infinite number of
modes in the two classification case. The routine obtains the AMPM-Stein and AMSAA-
Crow projections, and also calculates the corresponding sum of squared error. Again, the
results are shown at the end of the simulation run.
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check2 = 0;

If[Max[NB,i] > 1,

f [X_] NB Log[I +x T];

I3mleco =x /. FindRoot[f[x] -- m, {x, 10-3}];
(* EQUATION 7.172, MARTZ & WALLER. ,)

NB2

If[kB >
.j (NB,i~j -i) NB,i~j

check2 = 1;

kB NEi j]-I

g[x_] :-=f[x]J-Y 71g1X_1:=fQj 1+ (x T p IcE
j=1 p=1 NB

/3mleK =x /. FindRoot [g [x] ==:m, {x, 10-3};,

"No solution to 3K-"]. "No repeats."];

Stein2C [ImleoD, f3mleK];

stein2cmle = stein2c;

AMSAACrow2C[];
kB

AMPMSteinApproxk= Z (2B[j] - ASKhtjf) ;

j=.

kB

AMPMSteinApproxoo = Z LB jI - Asc,,h[j]) 2;

j=1

kB

AMPMSteinActual 7. (-Bfj ASKEj]) 2;
j=1

AMSAACrowError = Y> (AB • I J • M)

j=1

MLEerror = (AMSAACrowError,

AMPMSteinApproxk, AMPMSteinApproxco, AMPMSteinActual};

4.4.4 MILE using One Classification.

The last projection method that is examined, before reclassification of A-modes, is based on
MLE in the one classification case. The following Mathematica code calculates the MLEs,
projections, and sum of squared error.
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check2 = 0;

If [Max[NAB,iJ > 1,

f [XJ NA Log [1+xT];

I3mlec=x /. FindRoot [f [x] :m2, {X, 10-3j

(* EQUATION 7.172, MARTZ &WALLER. *

If [kA > A A

Zý(Ai - 1)3= AB, iEj I

check2 =1;

g [X- 1 X 1+ ( xTp kAB
j=1 P=1 NA

I3mleK xI/. FindRoot [g [x] :m2, {X, 10-31;

"No solution to /3K."] "No repeats."];

Stein1C [/3mleczo, /3mleKJ;

steinlcmle = steinic;

AMSAACrow1C[J;

kAB

AMPMSteinApproxk= Z ()LABdijj -).S,K,hffjj) 2 ;

j =1

AMPMSteinApproxoo Z (AABEAj] - AS,c,hffj]D);
j=j

kAB

.AMPMSteinActual = Z. (CiAiI - AS,Kffl ]) 2;
j =1

NA, AB

AMSAACrowError= Y7 (AAB D -NT2

j =1

MLEerrorlC = {AMSAACrowError,

AMPMSteinApproxk, AMPMSteinApproxco, AMPMSteinActual);
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4.5 Reclassification.

4.5.1 Reclassifying A-modes - Two Classifications.

The following Mathematica instructions reclassifies some A-mode failures as B-modes, and
reorganizes the data accordingly. The A-modes that are reclassified are modes that program
management are likely to fix, namely the repeat A-modes. The variable repeats is the index
set of such modes. R is the total number of A-modes that are reclassified. All other variables
below were previously discussed. The following process of reclassifying the A-modes entails
removing all data associated with the repeat A-modes from the corresponding A-mode data
structures. The data is then appended the appropriate B-mode data structures. Also, the FEFs
for the reclassified A-modes are updated from 0 to a random number drawn from the beta
distribution discussed in Section 4.2.6. This process of reclassifying A-modes, and reorganiz-
ing the data is performed below in the two classification case. Due to the volume of data
involved, the following variables are not printed.

repeats = Position[NA,i, _? (# > 1 &)];

R = Length[repeats];

AB = Join [AB, Extract[.XA, repeats]];

kB = Length[)B] ;

AA=Delete[AA, repeats];

kA = Length[AA] ;

tB = Join[tB, Extract[tA, repeats]];

tb = Join[tb, Extract[tA, repeats]];

tA = Delete[tA, repeats];

TB = Join[TB, Extract [TA, repeats]];

m = Length[tb];

NB,i =Map[Length[#] &, TB];

NB = Total [NB,i] ;

TA = Delete[TA, repeats];

dB = Join[dB, Table [Random [BetaDistribution [q, r]], {i, R}]];

dA = Drop [dA, R];
SBM = Position[tB, _? (# :5 T &

d*= Extract[dB, SBM];

Pd* Z-=l f
m

NA,i = Map [Length[#] &, TA] ; NA = Total [NA,i];
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4.5.2 Reclassifying A-modes - One Classification.

By utilizing the variables from the proceeding section, the data structures for the one classifica-
tion are simply redefined. The following Mathematica code performs the required update.
The projections are then re-run in the next section.

)LAB = Join [.XAI AB]I ;

TAB= Join(TA, TB];

NAB,i = Map[Length[#] &, TAB];

NAB= Total [NAB,] ;
tAB = Join[tA, tB]

SABM = Position[tAB, _ ? (# < T &) J;
dAB = Join[dA, dB];

dAB = Extract [dAB, SABM];

kAB = kA+kB;

m2 = Length[Select[tAB, # 5 T &]] ;

4.6 Reliability Projections after Reclassification.

4.6.1 MME using Two Classifications.

The following Mathematica instructions recalculate the projections based on MME using two
classifications.
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YU I57 
T

I3  k33jjJ

j=1

kB NB' Ej]1 )2

= ,

kBAuj =1

am = ; (* EQUATION 7.159, MARTZ & WALLER. *)
kE (M. _A2) - -A

1M3=-; (* EQUATION 7.160, MARTZ & WALLER. *)

1 (•'lExtract[NBi 2, SBM] jJi I
)3i'.c= -1-J -1 ;

T �.jFTExtract[NB,i, SBM] Jjl
Stein2C[13M., AM];

rstein2cnme = stein2c;

AMSAACrow2C[];

rcrow2c = unbiased;
kB

AMPMSteinApproxk= AS (A-dj] -)LS,K,hgj ) 2;

j=1
kB

AMPMSteinApproxc0 = Z (ABU•j]l - AS,.,h Ej I) 2;
j=1

k,

AMPMSteinActual Z (ABDI _ ASKffj1);
j=1

rMMEerror = (AMSAACrowError,

AMPMSteinApproxk, AMPMSteinApproxoo, AMPMSteinActual};

4.6.2 MME using One Classification.

The Mathematica routine below recalculates the projection in the one classification case using
MME.
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Yu= kAB Y, kAZ

j=1 j=1

am = k
kAB (M. _ A2) _-mAT

(*EQUATION 7.159, MARTZ & WALLER. *

/3m = A. ( EQUATION 7.160, MARTZ & WALLER. *
am

1 I ~Extract [NAB,, SABMH Ej I 1)

T Exrac [NA~iSABMJ [j]J

Stein1C [f3m,, /3 xJ]

rsteinlcmme = steinic;
AMSAACrowIC[J;

rcrowlc = unbiasedic;

AMPMSteinApproxk= Z(AAB![i] -- sK'h~j]1) 2 ;
j =1

AMPMSteinApproxo~ Z (.X.di]I -As,.,h~1) 2 ;
:3=1

AMPMSteinActual =Z(~ff]-'sdjl;
j =1

AMSAACrowError = Y,(A iI-NTi E]I 2

j =1

rMMEerrorlC = {AMSAACrowError,
AMPMSteinApproxk, AMPMSteinApproxco, AMPMSteinActual);

4.6.3 MILE using Two Classifications.

The Mathematica code below performis the projections in the two classification case using
MLE.
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check2 = 0;

If [Max[NB,,±J > 1,

f [X_] :=( )Log [1 + xT]

/3mleco = x/. FindRoot [f [x] =m, {X, 10-3}]

(* EQUATION 7.172, MARTZ & WALLER. *

If [kB > 
B

Zk1 (NBii ±Ij -1) NB,±0j1

check2 = 1;

g ~. [XQ1 fXI-+ (x Tp kE
j=1 P=1 N

/3mleK x /. FindRoot [g [x] ==m, {X, 10-3j;

"No solution to A3K."],1 "No repeats."];

Stein2C (f3mleco, /3mleK];

rstein2cmle = stein2c;

AMSAACrow2C[];

AMPMSteinApproxk = 7Z (ABEA] -- S,K,hfjl ) 2 ;

j =1

AMPMSteinApproxoo = >()il-Lshj])2_

AMPMS teinAc tual ()LB (?Ejj I.-AS, K j 1) 2;
j =2

kB B, 2

AMSAACrowError = >1 -)B~ I TE__

j =2

rMLEerror = {AMSAACrowError,

AMPMSteinApproxk, AMPMSteinApproxco, .AMPMSteinActual);

4.6.4 MLE using One Classification.

This Mathenmatica routine reruns the projections using MLE when all modes are treated in a
unified fashion.
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check2 = 0;

f [X] :=(N-B Log[l+xT];

f3mleoo = x/. FindRoot [ f[x] m2, {X, 10-3j;

(* EQUATION 7.172, MARTZ &WALLER. *

If [kA. > ABNA
2

ZkAý (NAB, iEj I -1)3= AB, [j I

check2 = 1;

kAB NAB.±J~j]-1

g~x3 :f~]~~ z 1+ x xT pkAB
j=1 p=l NAB

13mleK x /. FindRoot[g [x] ==m2, {X, 10-31;

"No solution to /3c."] "No repeats."];

SteinlC [/3mleco, I3mleKJ;

rsteinlcmle = steinic;

AMSAACrow1C[];

AMPMSteinApproxk = Z, (AAB Ei]I -XS,K,h [i 1 )2 ;

AMPMSteinApproxozo = 7Z (ABEjID --).s,,h Ej1) 2;
j =1

.AMPSAAerowcrro =,7 Y1 ( D -)Lj N 2;

j =1

rMLEerrorlC = {AMSAACrowError,

AMPMSteinApproxk, AMPMSteinApproxco, AMPMSteinActual);
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4.7 Simulation Results.

4.7.1 Storing Results.

During one execution of the simulation, the necessary data is generated, and four different
types of reliability projections are calculated. In addition, the mean square error is examined.
Since the simulation can be replicated numerous times, the results during each replication
must be saved. The following Mathematica instructions store this data.

mtbfresults= {};

rzntbfresults=

errorresults=

mtbfresultslc=

rmtbfresultslc =

errorresultslc ={)

surfaced= {);

AppendTo [surf aced, (Length[Select[tA, # :5 T mJi)];

(* 2 C *)

AppendTo [mtbf results,

Join [stein2cmle, {stein2cimmej[3], stein2cmmneE14], crow2c[5]J}J];

AppendTo [errorresults, {MLEerrorff4], MLEerrorl2]],

MLEerrorII3], MMEerrorE212], MMEerrorff3l, MLEerrorE1l]]];

I* C *)

AppendTo [mtbfresultslc,

Join [steinlcmle, {steinlcnime:3]1, steinlcmine[4]1, crowlcj[5J]]) ;
AppendTo[errorresultslc, {MLEerrorlCff4], MLEerrorlC[2]J,

MLEerrorlCf3]1, MMEerrorlCjE2], MMEerrorlCD:3J, MLEerrorlCj[1]1)];

(*RECLASSIFICATION *

(*2 C *)

AppendTo [rmtbf results, Join [rstein2cmle,

{rstein2cmmieE13], rstein2cinmeff4], rcrow2cf5]J}J];

(I C *)

AppendTo[rmtbfresultslc, Join [rsteinlcmle,

{rsteinlcmine13]1, rsteinlczriiej[4], rcrowlc15]1)]);
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4.7.2 Displayed Results.

The Mathematica code below consists of print statements, which display the data shown in
Tables 7 through 11 below. These data represent the MTBF projections in the various cases
previously discussed. Also, these projections are for one replication of the simulation. When
replicating the simulation numerous times, as performed in the study, the mean squared error,
and variance in the projections are calculated over the sequence of runs. These data are not
provided below since only one replication is examined.

TableForm(Map[NumberForm[#, {4, 2), NumberPadding- {11"', "0"}] &,

mtbfresults, {2)],

TableHeadings-3 {None, {"Actual", "Stein", "MLE K", "MLE Co",

"MME K", "MME 00", "A-C"})), TableAlignments - Right]

TableForm[Map[NumberForm[#, {4, 2), NumberPadding-. {",ll, "0"}] &,

mtbfresultslc, {2)],

TableHeadings - {None, {"Actual", "Steln", "MLE K", "MLE 0o",

"MME K", "MME Co", "A-C")}}, TableAlignments -ý Right]

TableForm[Map[NumberForm[#, {4, 2), NumberPadding-+ {1""', To0"] &,

rmtbfresults, {2)],

TableHeadings-* {None, {"Actual", "Stein", "MLE K", "MLE Co",

"MME K", "MME Co", "A-C"})), TableAlignments -* Right]

TableForm [Map [NumberForm [#, {4, 2), NumberPadding-+ {"", "0")] &,

rmtbfresultslc, {2}],

TableHeadings - {None, {"Actual", "Stein", "MLE K", "MLE Co,

"MME K", "MME co", "A-C"})), TableAlignments -+Right]

The structure of the tables below are equivalent. That is, they contain the same columns, in
the same order. The first two columns in these tables, namely "Actual" and "Stein", are
theoretical MTBF values and are not attainable through experience. The capability of obtain-
ing these values here is due to making assumptions regarding the distribution, and population
parameters of failure modes in addition to randomly generating data, typical to that collected
in a developmental test. "Actual" represents the actual system MTBF. "Stein" represents the
actual MTBF based on Stein estimation. "MLE K" and "MME K" are the MTBF projections
based on MLE and MME, respectively, in the case where there is a finite number of failure
modes. "MLE oo" and "MME co" represent the projections based on MLE and MME, respec-
tively, in the case where there is an infinite number of failure modes. These infinite estimates
are more commonly used since there are typically an unknown, but very large, number of
failure modes associated with complex systems. The MLE K, MLE oo, MME K, and MME
co estimates are all projections of the AMPM-Stein model. The last column is the projection
given by the AMSAA-Crow model, labeled "A-C."
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Actual Stein MLE K MLE o MME K MME co A-C

17.01 14.63 14.68 14.21 14.59 13.46 14.07

Table 7. MTBF - Two Classifications.

Actual Stein MLE K MLE co MME K MME co A-C

17.01 17.80 16.77 14.40 16.82 13.83 14.11

Table 8. MTBF - One Classifications.

Actual Stein MLE K MLE co MME K MME co A-C

41.25 41.99 42.57 37.51 42.53 30.34 35.76

Table 9. MTBF - Two Classifications (Reclassified).

Actual Stein MLE K MLE co MME K MME c A-C
41.25 41.99 42.57 37.51 42.53 30.34 35.76

Table 10. MTBF - One Classifications (Reclassified).

It is noted that Tables 9 and 10 are identical. In this replication of the model, 6 A-modes and
10 B-modes were generated. Since all 6 A-modes were reclassified to B-modes, the data
structures utilized between the two, and the one classification cases are equivalent, yielding
the same projections. That is, if all A-modes generated in any replication of the model were
reclassified, the projections between the classification methods would be equivalent since the
two classification only has one class of modes - the B-modes. This is due to the fact that
there are no A-modes left after reclassification to divide the failure modes into two categories
- all the modes are B-modes and have one classification.
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5. RESULTS AND ANALYSIS.

5.1 Results using Gamma Failure Rates.

Simulations were run in Mathematica to investigate the accuracy of the Stein

MTBF projections M, (T) ( (ps (T))-', and assessed MTBFs for the AMPM-Stein model

based on MLE and MME estimates of the Stein shrinkage factor Os. This was done for

assessed MTBFs based on finite a number of modes, k, and large k (i.e. k -4 00). The
accuracy of the procedures were investigated for two mode classifications, and where
modes are only differentiated via the mode FEFs (referred to as one classification). The
accuracy of these procedures for MTBF assessment were compared to the accuracy of the
IEC standard for reliability projection (the AMSAA-Crow model).

The simulation consists of a number of steps, and was demonstrated in Section 4.
A summary of these steps include:

1. Specifying various inputs; such as, specifying a distribution to randomly draw
mode failure rates (i.e. gamma, Weibull or lognormal), the number of A-
mode failure rates to generate, the number of B-mode failure rates to
generate, the length of the simulated test phase, and the number of tests to
replicate.

2. Generating kA and kB A-mode and B-mode failure rates, respectively, for the
selected distribution. The same distribution was used for generating the A-
modes and B-modes.

3. Calculating A-mode and B-mode first occurrence times.
4. Generating B-mode fix effectiveness factors from a beta distribution with

shape parameters equal to 19.2 and 4.8. These parameters yield a mean and
coefficient of variation of 0.8 and 0.1, respectively. The A-mode fix
effectiveness factors are set equal to zero, since these modes are not fixed.

5. Calculating a sequence of failure times for each failure mode.
6. Calculating the MTBF projections discussed above using two classifications

and one classification of failure modes.
7. Reclassifying repeat A-modes to B-modes. The associated fix effectiveness

factors, are changed from zero to a random number generated by the beta
distribution discussed in step 4. This is done since the failure modes will now
be addressed by corrective action.

8. Recalculate the one classification projections after reclassification.

The presented simulation runs perform the steps above for a test phase of length 3,000
hours. This process is replicated 1,000 times (i.e. 1,000 tests are simulated). The
distribution type, as well as the simulated number of A and B-modes, and average
number of surfaced A and B-modes over the 1,000 replications are shown in Table 11.

Simulated Surfaced Distribution

A-Modes 200 54 Gamma
B-Modes 500 135 Gamma

Table 11. Simulated/Surfaced Failure Modes.
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Table 11 shows that there were 200 A-modes and 500 B-modes simulated in each test.
There were 54 surfaced A-modes and 135 surfaced B-modes on average over the 1,000
tests. The failure mode rates were simulated from a gamma distribution whose
parameters are shown in Table 12.

A-Modes B-Modes

Shape - a 0.6667 0.6667
Scale - J3 0.0002 0.0002

Table 12. Gamma Parameters.

These parameter values were held constant for the indicated number of replications.
However, new sets of initial mode failure rates, and FEFs were generated for each
replication.

For every replication, a simulated failure history was generated for each of the
failure modes over the specified test period (T = 3,000 hours for the displayed results).
At the end of the test, the estimated surfaced B-mode failure rates for a procedure were
reduced by their associated mode FEFs to obtain the assessed MTBF value. Tables 13
through 15 below display the actual MTBF and assessed MTBF values for several cases.
"Actual" represents the actual system MTBF. "Stein" represents the actual MTBF based
on Stein estimation. "MLE K" and "MME K" are the MTBF projections based on MLE
and MME, respectively, in the case where there is a finite number of failure modes.
"MLE oo" and "MME oo" represent the projections based on MLE and MME,
respectively, in the case where there is an infinite number of failure modes. These
infinite estimates are more commonly used since there are typically an unknown, but
very large, number of failure modes associated with complex systems. The MLE K,
MLE oo, MME K, and MME oo estimates are all projections of the AMPM-Stein model.
The last column is the projection given by the AMSAA-Crow model, labeled "A-C."

1. Assuming an inherent set of A and B-modes. The versions of the Stein, and
AMPM-Stein, that assume such a mode split, and the AMSAA-Crow model
were used to generate the assessed MTBFs displayed in the table labeled two
classifications.

Actual Stein MLE K MLE co MME K MME A-C (
MTBF 15.58 15.61 15.58 15.37 15.54 15.01 14.43

Table 13. MTBF Projections - Two Classifications.

2. One classification case, i.e. procedures that only distinguish between A and
B-modes for estimation purposes by FEFs. The AMSAA-Crow as presented
in Crow (1982) and Ellner, et al. (1995) is not designed to handle this case.
However, a one classification version of this method can be derived. To
implement this variant, all modes were treated as B-modes for estimation with
d. = 0 for the generated A-modes.
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Actual Stein MLE K MLE • MME K MME o A-C

MTBF 15.58 15.60 15.56 15.36 15.53 15.01 14.43

Table 14. MTBF Projections - One Classification.

3. Reclassification using one mode classification.

Actual Stein ME K MLE c MME K MME c A-C

MTBF 17.02 17.03 17.00 16.93 16.95 16.41 16.23

Table 15. MTBF Projections - One Classification after Reclassification of A-modes.

For the reclassification case, each generated A-mode was reclassified to a B-
mode if one or more repeat failures of the mode occurred during the simulated test. The
averages for the actual and assessed MTBFs are displayed in tables for the Stein,
AMPM-Stein approximations, and the AMSAA-Crow model. The appropriate variant of
the Stein and AMPM-Stein approximation for the one classification case are applied to
obtain the assessed MTBFs before and after reclassification. The theory on which the
two classification variants of these methods are based do not apply to the reclassification
problem.

Table 15 displays averages of the actual and assessed mitigated system MTBFs
after reclassification of A-modes for one classification of failure modes. The
assessments provided by the Stein and AMPM-Stein approximations utilized the version
of these methods that distinguish between A and B-modes for estimation purposes only
through their assigned FEFs. The version of the AMSAA-Crow method applied for
Table 14 was used to obtain the A-C entries in Table 15. A theoretical underpinning that
allows a unified failure mode treatment is necessary to support assessment of the MTBF
after mode reclassification.

Tables 13 through 15 above display the average actual and assessed mitigated
system MTBF values over the 1,000 replications for each of the cases described, which is
the first accuracy measure examined. Tables 16 and 17 below display the sample
variance, over all 1,000 replications, of the actual and assessed MTBFs before
reclassification of A-modes, for two classifications and one classification, respectively.

Actual Stein MLE K MLE = MME K MME w A-C
VAR 0.55 1.34 1.33 1.31 1.38 1.29 1.32

Table 16. MTBF Variance - Two Classifications.

Actual Stein MLE K MLE w MME K MME • A-C
VAR 0.55 1.20 1.08 1.10 1.12 1.11 1.21

Table 17. MTBF Variance - One Classifications.

From tables 16 and 17 we can see that there is little change in the variance in the
MTBF for the assessments. Note that for each assessment procedure, a portion of the
sample variance for the estimated MTBFs is due to the variation in the actual mitigated
MTBFs.
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A third accuracy indicator is the average, over the 1,000 replications, of the sum
k

of squared errors -(,-2 -)2 for the one classification case and I--,(2A- _2)2 for the
iE B

two classification case, where A' denotes the assessed mode initial failure rate for a

given method. For comparison purposes, the table displays the average of the sum of

squared errors (2)2, denoted "Standard," for the unadjusted estimates ;i. Recall

that ,i =0 for iE obs.

Tables 18 and 19 show the mean square error (MSE) in the MTBF before
reclassification of A-modes, for two classifications and one classification, respectively.

Stein MLE K MLE - MME K KME W Standard
MSE 0.00000831 0.00000845 0.00001121 0.00000847 0.00001120 0.00002210

Table 18. MSE - Two Classifications.

Stein MLE K MLE - MIE K MSE - standard
MSE 0.00001164 0.00001178 0.00001566 0.00001180 0.00001563 0.00003097

Table 19. MSE - One Classification.

The average of these unadjusted squared errors (the column titled "Standard"), is large
compared to the Stein and AMPM-Stein procedures. This is an indication that one
should not use the reciprocal of I-(1-d,.);i = A+ - (1- d, ),i to estimate the

i obs icobs(B)

mitigated MTBF for the one or two classification cases.

The simulation accuracy results, based on the absolute error between the actual
MTBF and the assessed MTBF, indicate the Stein and AMPM-Stein approximations
compare favorably to the AMSAA-Crow (A-C) method

0*@
MLE w A-C MME c A-C MLE c MMEm

73.5 26.5 75.2 24.8 64.6 35.4

Figure 4. Distribution of Most Accurate Projection - Two Classifications.

Figure 4 shows three pie charts. The pie charts are one-on-one comparisons between two
estimation methods. For example, the pie chart on the left side of Figure 1 compares the
MTBF accuracy between the AMPM-Stein MLE (with an infinite number of modes) to
that of the AMSAA-Crow model. The distribution is shown below the pie chart. For the
pie chart on the left, the AMPM-Stein MLE (with an infinite number of modes) provided
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a more accurate MTBF projection than that for the AMSAA-Crow model in 73.5% of the
1,000 tests that were replicated.

The AMPM-Stein procedures for finite k and large k (i.e. k -> 00) based on the
MLE and MME shrinkage estimators produced MTBF assessments that were close to
each other. In practice, the number of modes, k, is not known and could be difficult to
estimate. However, these results (and underlying theory) indicate that for complex
systems, one does not need to assess k. The displayed simulation results also indicate
that the AMPM-Stein assessments from the simple closed form MME estimates are
comparable in accuracy to the MTBF assessments based on the more computationally
intensive MLE estimates.

For the displayed simulation results, the accuracy of the assessed MTBFs for the
Stein and AMPM-Stein procedures for one classification were comparable to the
achieved accuracy of the corresponding procedures that address the two classification
case. The same is true for the MTBF assessments after reclassification with respect to
the one and two classification procedures.

5.2 Results using Weibull and Lognormal Failure Rates.

The same analysis as above was performed in two additional cases. The first
generates failure rates from a Weibull distribution, the second from a lognormal. The
means and variances were chosen to be the same as for the gamma distribution. This was
done to examine the impact of violating the assumption that the mode failure rates are a
realization of a random sample from a gamma distribution. The associated tables are
shown for the Weibull and lognormal runs in Appendix A and Appendix B, respectively.
Even though the AMPM-Stein MLE and MME estimation procedures for the unknown
Stein parameters assume the A,. are realizations from a gamma distribution, all the
comments for the previous tables concerning accuracy still apply for the Weibull case.
Comparable results were also attained when the Ai were generated from a lognormal
distribution. This perhaps indicates that the true MTBF and AMPM-Stein assessed
MTBFs are not strongly affected by the tails of the distribution of mode failure rates.
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APPENDIX A - WEIBULL RESULTS.
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APPENDIX A - WEIBULL RESULTS.

Simulated Surfaced Distribution

A-Modes 200 55 Weibull

B-Modes 500 137 Weibull

Table 20. Simulated/Surfaced Failure Modes.
A-Modes B-Modes

Shape - J3 0.8539 0.8539

Scale - e 0.0001 0.0001

Table 21. Weibull Parameters.
Actual Stein MLE K MLE m MME K MME o A-C IMTBF 15.36 15.50 15.44 15.23 15.45 14.92 14.30

Table 22. MTBF Projections - Two Classifications.
Actual Stein MLE K MLE co MME K MME co A-C

MTBF 15.36 15.49 15.43 15.22 15.45 14.92 14.29

Table 23. MTBF Projections - One Classification.
Actual Stein MLE K MLE mo MME K MME c A-CtoIMTBF 16.68 16.82 16.75 16.66 16.77 16.23 15.98

Table 24. MTBF Projections - One Classification after Reclassification of A-modes.
Actual Stein MLE K MLE t MME K MME Mo A-C f

VAR 0.49 1.24 1.27 1.25 1.34 1.25 1.30

Table 25. MTBF Variance - Two Classifications.
Actual Stein MIE K MLE o m MM K MME m A-C j

VAR 0.49 1.12 1.07 1.09 1.10 1.09 1.20

Table 26 MTBF Variance - One Classifications.
Stein MLE K MLE t MME K MME t Standard

MSE 0.00000793 0.00000808 0.00001101 0.00000810 0.00001100 0.00002220

Table 27. MSE - Two Classifications.
Stein MLE K MLE m MME K MME t Standard

MSE 0.00001109 0.00001124 0.00001535 0.00001126 0.00001533 0.00003108

Table 28. MSE - One Classification.

MLE mo A-C M4ME to A-C MI tE w B MME M
73.2 26.8 72.4 27.6 60.5 39.5

Figure 5. Distribution of Most Accurate Projection - Two Classifications.
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APPENDIX B - LOGNORMAL RESULTS.
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APPENDIX B - LOGNORMAL RESULTS.

Simulated Surfaced Distribution
A-Modes 200 56 Log Normal
B-Modes 500 140 Log Normal

Table 29. Simulated/Surfaced Failure Modes.
A-Modes B-Modes

Mean - -9.3808 -9.3808
Std.Dev - a 0.9572 0.9572

Table 30. Lognormal Parameters.
Actual Stein MLE K MLE m MME K MME c3 A-C j

MTPBF 15.02 15.64 15.29 14.98 15.57 14.97 14.07

Table 31. MTBF Projections - Two Classifications.
Actual Stein MLE K MLE m MME K MME m A-C

MTBF 15.02 15.63 15.27 14.96 15.56 14.97 14.07

Table 32. MTBF Projections - One Classification.
Actual Stein MLE K MLE co MME K MM4E m A-C

MTBF 16.22 16.94 16.44 16.23 16.87 16.25 15.61

Table 33. MTBF Projections - One Classification after Reclassification of A-modes.
Actual Stein MLE K MLE Co MME K MME co A-C f

VAR 0.45 1.40 1.16 1.13 1.56 1.39 1.13

Table 34. MTBF Variance - Two Classifications.
Actual Stein MLE K MLE co MME K MME C A-C

VAR 0.45 1.12 0.93 0.94 1.20 1.14 1.05

Table 35. MTBF Variance - One Classifications.
Stein MLE K MLE • 9ME K MME - Standard

MSE 0.00000822 0.00000844 0.00001118 0.00000841 0.00001119 0.00002234

Table 36. MSE - Two Classifications.
Stein MLE K MLE - MME K MME - Standard

MSE 0.00001153 0.00001178 0.00001561 0.00001173 0.00001562 0.00003117

Table 37. MSE - One Classification.

MLE Co A-C MME M A-C MLE Co MME m
67.7 32.3 66.6 33.4 59.1 40.9

Figure 6. Distribution of Most Accurate Projection - Two Classifications.
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APPENDIX C - DERIVATION OF THE STEIN SHRINKAGE FACTOR.
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APPENDIX C - DERIVATION OF THE STEIN SHRINKAGE FACTOR.

The Stein shrinkage factor, 0, is the value of E e [0,1] that minimizes the sum of expected

squared error loss between the actual mode failure rates, denoted by2LA for i =1,2,...,k,

and the Stein estimates ofA.,, defined
k

S. +-O (I +(- 0s)"- j=, 1
k

To find 0s we shall first calculate the unique value, 00, such that

d k

The unique value, 00, will be shown to be the Stein shrinkage factor. To derive 00 one

begins by calculating the following:

1. E12ij 2. E[j2f

3. E 4. E

7..

j~I j=1

where Ai is the MLE ofu,, which is given by,

•,= ,.(3)
T

5. EEj1 .j.2

Since NM Poi[2FT], the expected value of (3) is,
E7i INi ] - 8. (4)

1'=

Therefore Aj is an unbiased estimate of wi..

The variance of (3) is,
Var[j ]= Var[N ] =A(

IT2 T (5)

From (4) and (5), one can see that,
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E[j?+A2~ (6)

3. E[4

The Stein estimate of 2A is given by,
k

, 0 = ";i + (1-0). j=_!_ (7)

k
Utilizing (4) yields,

E[;ý]--o. + (I -o.) (8)
k

k

where 2A -2= .
j=1

4. E •

k k

Since N1 - Poi[AjT], Nj 1 Poi T Y Aj and one can see that,

E[Z 1  I k (9)
j=l j=I

and
k

Var 1;] j= _ (10)

(9) and (10) imply,

k

where 2 1-•2.
jj=l

5. E[ _]A

k

where A



k

Since Ai and >-"j are not independent random variables, their product is rewritten as,
j=1

k k

.I2 I•. j +g, which gives,
j=1 j=1j;i

k
k

j=
1

kk (2

Since ;%i and I-' are independent random variables, by using (4) and (6), (12)
j=I
j~i

becomes,

Y~j +-Tj=j '

E j=1 =~ • ~ (13)
k k k

6. Ej>'2J.
From (7) one can see that,

;i k 
k j•

X2 =2, +22 (1- o). j= +(1 _0)2 (j= (14)

Taking the expected value of (14) gives,

E[• ] = 2"E • ] 20 1 -O 'E J=k E [ k10) k j2 5

By utilizing (6), (13), and (11), (15) becomes,

k

From (8), one can see that,
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k Z E = . k ,Z2 + 0 0 ) .- ( 1 7 )

k
k

where 2A =2•
j=1

k 2

8. ~E [X2]
i=2

Summing (16) over i = 1,2,...,k yields,

.__1E [X21=02.- + .I_ i2` +(20(1-0). T +(1_0)2 k (18)

k

Evaluating E (2L- A.)2]

Given the results above, one can now evaluate E [ 2ik)2j=EL -22ik+ j

I i (19)
i=1 i i=1 i=1

By utilizing (18) and (17), the right-hand side of(19) becomes,

k= +•,. +2(-) A (- 2 k k~ =

o2. +•-2 T---(I _ +)2 T0). + A--']

(20)
After the algebraic manipulations,

k k k kO AZ2 - 202•+ =(1-O), A" (21)

and

20(1- 0)•-- + (1- O)2f--- - 2(1 - 0)(k= (1 0)2-) (22)

(20) is expressed as,

f(O) =O2 +I(1-0) 2A2. +20(1-0)Kj) +(1-0)2 . (23)

Thus, EZ(A -i )2 = f(0) is a quadratic polynomial with respect to 0.
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Evaluating -- E[( j 2i)2]= 0.

f'() =20 -(2 -20)D-"2 + (2 -40)( -(2 -20) -(24)

f'( 0o) = 0 implies,

20,, + 200 e --40,, +20 = 2- e 2( +2 - (25)

k k

After algebraic manipulation of (25), and using the fact that 2 (2• - = k
k

ky~i
where A = k_, the expected sum of squared error optimality criterion is given by,

k
k

i12

00o -kJl+z(2 _%)2 (26)

Tk) j=1

From (26) one can see that 0o E (0,1). The assurance that 0o is a minimum, and not a

maximum, results from the fact that the polynomial coefficient of 02 in (23) is positive.
k ~2

That is, G (- )2 + 1-1I >0. Since 0, E (0,1) and minimizes E we
T (I -,ZiJI,

have Os =.
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